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Abstract. The Einstein Equivalence Principle is a fundamental principle of the theory of
General Relativity. While this principle has been thoroughly tested with standard matter,
the question of its validity in the Dark sector remains open. In this paper, we consider a
general tensor-scalar theory that allows to test the equivalence principle in the Dark sector
by introducing two different conformal couplings to standard matter and to Dark matter. We
constrain these couplings by considering galactic observations of strong lensing and of velocity
dispersion. Our analysis shows that, in the case of a violation of the Einstein Equivalence
Principle, data favour violations through coupling strengths that are of opposite signs for
ordinary and Dark matter. At the same time, our analysis does not show any significant
deviations from General Relativity.
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1 Introduction
The classical theory of General Relativity (GR) is the current paradigm to describe the gravi-
tational interaction. So far, it has passed all the tests with flying colours [1, 2]. Nevertheless,
despite its successes, there are strong indications that GR is not the ultimate theory of
gravitation. First of all, a quantum theory of gravitation is required to understand processes
happening in very strong gravitational fields like the ones in the early Universe. Furthermore,
it is often believed that GR and the standard model of particles are only approximations of
a more fundamental unified theory. Finally, the observations that require the introduction
of Dark Matter (DM) and Dark Energy are sometimes interpreted as hints towards a modi-
fication of the theory of gravitation on large scales. It is therefore crucial to search for any
deviations from GR and to constrain them.
GR is built upon two principles: (i) the Einstein Equivalence Principle (EEP) and (ii)
the Einstein field equations. The first principle gives a geometric nature to gravitation by
identifying this interaction with space-time curvature parametrized by a space-time metric
gµν [1, 2]. More precisely, it stipulates that there exists a metric to which all matter is
minimally coupled to [3]. This allows one to write the matter part of the action as
Smat =
∫
d4x
√−gLmat(gµν ,Ψ) , (1.1)
where g is the determinant of the space-time metric gµν , Lmat is the matter Lagrangian and
Ψ denotes the matter fields. The second principle, the Einstein field equations, specifies the
form of this metric, which in GR is determined by solving the field equations. These two
principles have been thoroughly tested.
From a phenomenological point of view, three aspects of the EEP can be tested [1, 2]: (i)
the Universality of Free Fall (UFF), (ii) the Local Lorentz Invariance (LLI) and (iii) the Local
Position Invariance (LPI). The UFF states that the motion of a test body is independent of
its composition. It has been constrained with various experiments. Precise tests of the UFF
compare the free fall accelerations, a1 and a2, of two different test bodies 1 and 2 falling in
the gravitational field sourced by a body S. A succinct expression for the test of the UFF
takes the form [1, 2] (
∆a
a
)
S;1−2
= 2
a1 − a2
a1 + a2
≈
(
mP
mA
)
1
−
(
mP
mA
)
2
, (1.2)
where mP and mA are the passive and active masses of each body. The UFF has been tested
in various cases. First, it has been tested by comparing the motion of two different macro-
scopic bodies of standard luminous matter (SM). The best current constraints on the relative
differential acceleration of two bodies are at the level of 10−13 and have been obtained by
using Lunar Laser Ranging observations [4, 5] and torsion balances [6, 7]. More recently, the
UFF has been tested by comparing the acceleration measured by a macroscopic mass with
the acceleration measured by a microscopic, quantum system and also by comparing the ac-
celerations measured by two different microscopic quantum systems. This has been achieved
using atom interferometry. The current constraints on the UFF between macroscopic and
microscopic systems are at the level of 10−9 [8]. Similar constraints using two different types
of atom interferometers have provided constraints at the level of 10−7 [9]. Furthermore, there
is a priori no reason that bodies with different spins react to gravity in a similar way. There-
fore, the UFF has also been tested by considering atoms with different spins and the related
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constraints are at the level of 10−7 [10]. One can wonder if anti-matter falls any differently
than SM. Tests of the UFF using anti-hydrogen atoms are currently on-going at CERN with
the AEgIS [11] and GBAR [12] experiments.
Even though the existing phenomenological tests of the UFF are quite extensive for
SM, the question of the validity of the EEP with DM remains open. Due to the constraints
on the UFF for SM, a number of studies have been able to make progress on this question
by considering models in which DM is subject to an additional force that is weakly felt by
SM. These models have a number of testable predictions [13–15]. Simpler models constrain
the additional force to DM only. This includes models in which DM has a Yukawa coupling
to a light scalar field [16, 17]. It was shown that current galactic observations constrain the
violation of the UFF at the level of 10−1 [18, 19]. A similar model of Weakly Interacting
Massive Particle has been constrained at the level of 10−1 with astrophysical observations [20,
21]. The UFF between two bodies of SM falling in a gravitational field sourced by DM
(typically our Galaxy) has also been constrained at the level of 10−5 [6, 22]. Recently, Cosmic
Microwave Background observations by the Planck satellite have been used to constrain a
similar model at the level of 10−6 [23].
The two other aspects of the EEP are also very well constrained. One way to test
the LLI is to search for anisotropies in the speed of the electromagnetic interaction usu-
ally parametrized by the c2−formalism [1]. Furthermore, an extensive framework called
“Standard Model Extension” (SME) has been developed to systematically consider Lorentz
symmetry violations in all sectors of physics (see for example [24–26]) and an impressive
number of the introduced Lorentz violating parameters have been constrained by different
experiments (see [27] for a review of the SME constraints). The LPI is usually tested by red-
shift experiments [28–31] or by search for space-time variations of the fundamental constants
of Nature [32–35]. Let us mention that some cosmological consequences of a EEP violations
have also been investigated in [36, 37].
In addition to the EEP tests, the second principle of GR (the form of the metric) is thor-
oughly tested by different observations in the Solar System: deflection of light [38], planetary
ephemerides [39–43], Lunar Laser Ranging [5], radioscience tracking of spacecraft [44–46],
etc (for an extensive review, see [2]).
In this communication, we address the question of the validity of the EEP for DM. A
direct test of the EEP in the Dark sector would consist of a comparison of the acceleration
of a body made of DM with the acceleration of a standard test mass. Obviously, this kind of
direct test is currently far from being reachable since DM has not been directly detected so
far. Nevertheless, we will show that indirect constraints on the EEP in the Dark sector can
be reached. These indirect constraints are model dependent.
Phenomenologically, the easiest way to introduce a violation of the EEP in the Dark
sector is to couple DM to a metric different from the one to which SM couples. This leads to
a large class of theories called bimetric theories of gravitation. A subclass of these theories
can be identified when the two metrics are conformally related. The matter part of the action
can then be written as
Smat = Sl [gµν ,Ψl] + Sd
[
M2(Φ)gµν ,Ψd
]
, (1.3)
where the subscripts l refer to SM and d to DM. The conformal factor M2(Φ) depends on a
scalar degree of freedom Φ whose action needs to be specified. A general expression for the
gravitational part of the action is given by a generalization of the Brans-Dicke action [47–49]
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also sometimes known as the Bergmann-Wagoner framework [50, 51]
Sgrav =
1
16piG∗
∫
d4x
√−g
[
h(Φ)R− ω(Φ)
Φ
gµν∂µΦ∂νΦ
]
, (1.4)
where h and ω are two arbitrary functions of the scalar field Φ. The total action generalizes
standard scalar-tensor theories [47–49, 52]. It was first introduced in [53]. The related
cosmological implications have thoroughly been investigated in [54–57] where it has been
named “Abnormally Weighting Energy” (AWE). In particular, it has been shown that the
expansion of the Universe can emerge from the DM non-universal coupling [56] without any
additional potential, cosmological constant or new type of matter.
Note that the EEP violation arising from the action presented above can be highlighted
by making use of the Einstein conformal frame. A conformal transformation (see [56] for
example or the Appendix A.1) allows one to write the action as
S =
1
16piG∗
∫
d4x
√−g∗ [R∗ − 2gµν∗ ∂µϕ∂νϕ] + Sl
[
A2l (ϕ)g
∗
µν ,Ψl
]
+ Sd
[
A2d(ϕ)g
∗
µν ,Ψd
]
,
(1.5)
where the stars are related to quantities expressed in the Einstein frame, ϕ is a rescaled
scalar field and the functions Al(ϕ) and Ad(ϕ) are the coupling functions between the scalar
field and the different types of matter. The action expressed in the Einstein frame is totally
equivalent to the original one and is more convenient for some of the calculations [52, 58–61].
In particular, the relative differential acceleration between two test masses1, one made of SM
and the other one made of DM, falling in the gravitational field generated by a SM body is
given by [68–72] (
∆a
a
)
l;l−d
= 2
al − ad
al + ad
=
(αl,∞ − αd,∞)αl,∞
1 + 12
(
α2l,∞ + αd,∞αl,∞
) , (1.6)
where al (resp. ad) is the acceleration of the body made of SM (resp. of DM) and
αl,∞ =
∂ lnAl(ϕ)
∂ϕ
∣∣∣∣
ϕ=ϕ∞
, αd,∞ =
∂ lnAd(ϕ)
∂ϕ
∣∣∣∣
ϕ=ϕ∞
. (1.7)
This shows unambiguously that a difference between the two coupling strengths αl and αd
leads to a violation of the UFF and therefore of the EEP. Therefore, any constraints on the
parameters αl and αd can be interpreted as an indirect test of the EEP in the Dark sector.
We emphasize here that the test proposed in this paper is indirect and depend on the theory
considered.
Galactic observations are good candidates to constrain an EEP violation in the Dark
sector since DM has a strong impact at these scales. Galactic observations that demonstrate
the importance of DM on these scales include galaxy rotation curves, strong gravitational
lensing, and velocity dispersion. Galaxy rotation curves are a feature of spiral galaxies as
these have a disk in which stars follow circular orbits. However, decomposing the total mass
distribution of spiral galaxies into its SM and DM components, a necessary part of testing
1In order to consider extended bodies, one needs to add a contribution related to the Nordtvedt effect,
see [52, 62–67].
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the EEP on galactic scales, is still an unsolved problem [73]. In contrast, strong gravitational
lensing combined with velocity dispersion can break down this degeneracy.
Although strong lensing is a very rare phenomenon [74], recent advances have greatly
improved the number of known galaxy scale lens systems. In this paper, we use combined
strong lensing and velocity observations of a sample of galaxies observed by the Sloan Lens
ACS (SLACS) Survey collaboration [75] to constrain the coupling strengths αl and αd. These
observations depend on quantities computed in the Jordan frame for SM such as the grav-
itational potential of the lens and its derivatives as well as the overall geometry of the
universe through the angular diameter distances between observer, lens and source. This
sample has already been successfully used to constrain the standard post-Newtonian param-
eter γPPN [76, 77] at the level of 5 × 10−2 and to constrain a bimetric massive theory of
gravity [78]. Our analysis can be considered as an extension of the one from [76, 77] which
corresponds to the case of a universal coupling characterized by αl = αd.
In Sec. 2, we will present the model used in our studies and the main hypothesis un-
derlying our analysis. The derivation of the field equations related to this model and the
analytical solution will be sketched in this section while all the calculations are presented in
detail in Appendix A. In Sec. 3, we present the observables used in our analysis: the Einstein
radius and the velocity dispersion. The dataset used and the details of the statistical analysis
performed in this paper are presented in Sec. 4. In Sec. 5, we present the results from our
Bayesian inference and the estimations of the coupling strengths between the different sectors
of matter to the scalar field. Finally, our conclusion is presented in Sec. 6.
2 Model
In this section, we will present the main assumptions used in this study and develop the
model used in order to describe internal galactic dynamics. First of all, we solve the field
equations in the Einstein frame. This frame is more convenient in order to derive the field
equations and to solve them in the weak field limit. The variation of the action (1.5) with
respect to the metric and to the scalar field is presented in Appendix A.1 and leads to the field
equations (A.5). The invariance of the action under diffeomorphisms also gives a modified
conservation equation for the stress-energy tensor. DM and SM are modelled as perfect
fluids and the corresponding Einstein frame stress-energy tensor can thus be expressed as
Tµν∗ =
(
ρ∗c2 + p∗
)
uµ∗uν∗ + p∗g
µν
∗ where u
µ
∗ is the Einstein frame 4-velocity. Note that the
Einstein frame matter density and pressure can be related to the observable matter density
and pressure (in the Jordan frame for SM) by [52, 58, 59, 79]:
ρ∗ = A4l (ϕ)ρ (2.1)
and p∗ = A4l (ϕ)p . (2.2)
We will model the galaxies using a static, spherically symmetric model. We use an
Einstein frame space-time metric in isotropic coordinates2
ds2∗ = −eν∗(r∗)c2dt2∗ + eλ∗(r∗)
(
dr2∗ + r
2
∗dΩ
2
∗
)
. (2.3)
This metric differs from the metric expressed in Schwarzschild coordinates used for example
in [79], which are more suitable to study strong field effects. Isotropic coordinates are more
2We remind the reader that throughout this paper, the stars always refer to quantities expressed in Einstein
frame while symbols with no stars refer to quantities expressed in the Jordan frame for SM.
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suitable to study observables in weak gravitational fields. The introduction of the metric (2.3)
in the field equations (A.5) leads to the set of equations (A.13). Note that these equations
can be integrated numerically even for strong fields, although this will not be necessary in
this work.
The expression of the matter densities are given by power law profiles in the Jordan
frame for SM:
ρt(r) = ρl(r) + ρd(r) = r
−γρ(γ)0 , (2.4a)
ρl(r) = r
−δρ(δ)0 , (2.4b)
where ρt(r) is the total matter density, ρl(r) is the SM density and ρd(r) is the DM density.
A single power profile for the density is valid at the level warranted by the current data [80].
We can simplify further our set of equations by using a weak gravitational field expan-
sion. Indeed, the weak gravitational field limit of the field equations can be obtained by
using:
eν∗ ≈ 1 + ν∗ , (2.5a)
eλ∗ ≈ 1 + λ∗ . (2.5b)
The weak field limit is justified in the case where the Newtonian potential remains small
or equivalently if the galactic compactness parameter Ξ ∼ GM/c2/R  1, where M is the
total galactic mass included in a volume of radius R. At the typical distance corresponding
to the observations used in this paper (Einstein radius or radius of stars orbit for velocity
dispersion), Ξ is typically of the order of 10−7, which justifies the weak field approximation
used. Moreover, the pressure has to remain small compared to the matter density: ρc2  p.
A careful analysis of the set of equations (A.13) shows that another condition needs to be
fulfilled in order to reach the weak field limit: α2dΞ  1, which for typical galaxies leads to
αd  103. For very strong coupling strengths of the order of 103, the weak field assumption
is not valid. In that case, the scalar field generated by the Dark sector will become very large
and will lead to a non-negligible gravitational field. The weak gravitational field limit of the
spherical field equations is derived in detail in Appendix A.3.
Finally, a last assumption has been made in order to expand the conformal factor
Al(ϕ)
Al,∞
≈ 1 + αl,∞(ϕ− ϕ∞) , (2.6)
where Al,∞ = Al(ϕ∞). This expansion is justified as long as αl,∞(ϕ − ϕ∞)  1, which is
equivalent (see the discussion in Appendix A.5) to saying that the two parameters α2l,∞ and
αl,∞αd,∞ remain relatively small (for the galaxies considered in our studies, the approxima-
tion remains valid up to α2l,∞ ∼ 103 and αl,∞αd,∞ ∼ 103). This assumption can be motivated
by a naturalness argument: one expects the coupling strengths between the scalar field and
matter to be of the order of unity. Full numerical simulations can be used to study non-
linear effects and estimate more properly the domain of validity of the analytical formulas
used here. Nevertheless, during our Bayesian inference in Sec. 5, we check that we use the
formulas in a regime where they are valid. Indeed, it can be seen in the right of Fig. 2, that
the most likely values in the plane
(
α2l,∞, αl,∞αd,∞
)
are of the order of unity.
The above-mentioned assumptions allow one to derive simple expressions for the metric
components, as well as for the scalar field. An analytical solution for the scalar field is found
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in Appendix A.5. Although it is easier to solve the field equations in the Einstein frame, the
observables are much more easily derived from the Jordan frame for SM [52]. Therefore, it is
useful to come back to the (SM) Jordan frame metric and introduce the standard gravitational
potentials Ψ and Φ to parametrize this metric as:
ds2 = −
(
1 + 2
Ψ(r)
c2
)
c2dt2 +
(
1− 2Φ(r)
c2
)
dl2 . (2.7)
These potentials can easily be related to the Einstein frame metric components and to the
scalar field as shown in Appendix A.4
Ψ(r)
c2
= αl,∞(ϕ− ϕ∞) + ν∗
2
, (2.8a)
Φ(r)
c2
= −αl,∞(ϕ− ϕ∞)− λ∗
2
, (2.8b)
and be used to derive the observables.
Let us summarize the assumptions of our model:
• We model the matter components as non-relativistic (pressureless) perfect fluids.
• We use a static, spherically symmetric model and the matter densities are given by
expressions (2.4).
• We use a weak gravitational field expansion justified by the fact that the gravitational
potential of a galaxy is ∼ 10−7 and ρc2 >> p. It is nevertheless important to add that
this assumption breaks when αd,∞ becomes of the order of 103.
• We use an expansion of the conformal scale factor, which can be done when α2l,∞ and
αl,∞αd,∞ are not too large (for the galaxies considered lower than 103). This can be
justified a priori by a naturalness argument.
The strongly coupled regime is not explored in this paper. This regime can lead to a phe-
nomenology that may give rise to spontaneous scalarisation (similar to what has been done
in [52]) and should be explored by making use of numerical simulations.
3 Einstein radius and velocity dispersion
3.1 Einstein radius
An Einstein ring occurs during a lensing event when the source and lens are aligned with
respect to the observer. The angular radius of the Einstein ring is called the Einstein radius.
A key part to determining the Einstein radius, θE , is the deflection angle ~̂α. For convenience,
the optical axis is in the direction of the lens. A real lens is not symmetric, and angles are
in general represented by two dimensional vectors. Under the assumption that the deflection
angle is small, the angular position of the observed image ~θ, is related to the actual angular
position of the source, ~θS , by the lens equation [81]. We introduce the reduced deflection
angle ~α as:
~α(~θ) =
Dls
Ds
~̂α(~θ), (3.1)
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where Dls is the angular diameter distance between the lens and the source and Ds is the
angular diameter distance to the source 3. We then write down the lens equation as
~θ = ~θS + ~α(~θ) . (3.2)
The geometry and all the quantities introduced are schematically represented in Fig. 1. In the
Figure 1. The left figure represents a typical illustration of light deflection by a gravitational body.
In the special case where the source is aligned with the lens, the image of the source appears as a
ring. The right figure illustrates this case.
case of a circularly symmetric lens, we can disregard the vectorial nature of the quantities in
the lens equation. When this is done, we refer instead to the reduced bend angle α instead of
its vectorial counterpart, the reduced deflection angle ~α. The reduced bend angle is described
in detail in Appendix B.1 is computed as follows:
α (θ) =
Dls
DlDs
4GM¯(θ)
θ
(3.3)
where Dl is the angular diameter distance to the lens, and M¯ is the projected mass of a lens
within a 2D disk of radius θ. In the weak field limit, one can show that the projected mass
can be computed as
M¯(θ) =
∫ θDl
0
dx 2pix
∫ ∞
−∞
dD
A4l (ϕ(r))
A4l,∞
ρt(r) , (3.4)
where the variable r =
√
D2 + x2 (see Appendix B.1). Using a decomposition of the con-
formal factor given by Eq. (2.6) (see the discussion in Sec. 2 for the validity condition of
such an expansion), one can write all quantities as the sum of a GR part and a contribution
coming from the non-zero coupling strengths. The latter will be denoted by a subscript ϕ.
For example, the expression of the projected mass is given by
M¯ (θ) = M¯GR (θ) + M¯ϕ (θ) , (3.5)
where the expressions of both terms are given by Eqs. (B.12). This results in the following
expressions for the reduced deflection angle
α(θ) = αGR (θ) + αϕ (θ) , (3.6)
3The angular diameter distances, Dl, Ds and Dls are defined in the observable conformal frame, which is
the Jordan frame for SM.
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with
αGR (θ) =
Dls
DlDs
4GM¯GR (θ)
θ
, (3.7a)
αϕ (θ) =
Dls
DlDs
4GM¯ϕ (θ)
θ
. (3.7b)
From Eq. (3.2) it follows that the Einstein radius is a fixed point of the reduced bend angle:
α (θE) = θE . (3.8)
Using the decomposition from Eq. (3.6) and a similar one for θE = θE,GR + θE,ϕ, one
can solve perturbatively the Einstein radius Eq. (3.8) (see Appendix B.2) to find
θE,GR =
(
Dls
DsDl
4GM¯GR (θE,GR)
) 1
2
, (3.9a)
θE,ϕ =
αϕ(θE,GR)
1− ∂αGR∂θ
∣∣∣
θ=θE,GR
. (3.9b)
The detailed expressions of these two quantities are given by Eqs. (B.15).
3.2 Velocity dispersion
The line-of-sight stellar velocity dispersion is a measure of how much stellar velocities vary
from the mean line-of-sight stellar radial velocity [82]. In spherical symmetry, it is given by
the expression [83]:
σ2r (r) =
1
ρl(r)r2β
∫ ∞
r
ρl(x)x
2βΨ˙(x)dx , (3.10)
where ρl(r) is the SM density given by Eq. (2.4b), Ψ is the gravitational potential appearing
in the time-time component of the space-time metric (2.7), and β = 1 − σ2t
σ2r
is the velocity
anisotropy parameter in which σt and σr are the tangential and radial components of the
velocity dispersion. The dot represents the derivative with respect to r, the radial coordinate
in the Jordan frame for SM.
To obtain the last expression, it has been implicitly assumed that the motion of stars is
governed by the gradient of the Jordan frame Newtonian potential (i.e. the temporal part of
the Jordan frame metric, see Eq. (C.1)). This means that we are neglecting potential strong
field deviations that may arise from a Nordtvedt effect [52, 62–67]. In the theory considered
in this paper, such an effect will be parametrized by a difference between active and passive
mass of the form [2, 52, 67]4
mP
mA
≈ 1 + 2α
2
l,∞
1 + α2l,∞
|Ωg|
mAc2
, (3.11)
where Ωg is the gravitational self-energy of the body. In the case of stars, the gravitational
self-energy is typically of the order of |Ωg| /mAc2 ∼ 10−6. The Nordtvedt effect will therefore
4This difference is characteristic of a violation of the Strong Equivalence Principle and therefore arises even
if Al = Ad, or in other words even when the EEP is not violated.
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produce a relative modification of the estimated σ2r of the order of 10
−6α2l,∞. Since the
relative accuracy of the velocity dispersion measurements is of the order of 5-10 % [75, 78], it
is safe to neglect the Nordtvedt effect as long as αl,∞ < 10. Note that as already mentioned
previously in this paper, we do not explore the region of strong coupling strength and we can
safely neglect this effect.
In practice what is observed is the luminosity averaged over the line-of-sight, weighted
over the spectroscopic aperture, σ?, which is given by the expression [82]
σ2? =
∫∞
0 dRRw(R)
∫∞
−∞ dzρl(r)
(
1− βR2
r2
)
σ2r (r)∫∞
0 dRRw(R)
∫∞
−∞ dzρl(r)
, (3.12)
where r2 = R2 + z2, w (R) = e−R2/2σ¯2atm is the aperture weighting function depending on the
atmospheric seeing σ¯atm (see [75, 84]) and σr(r) is the radial velocity dispersion of the SM
given by Eq. (3.10).
Similar to what has been done in the computation of the Einstein radius in Sec. 3.1, we
decompose all the quantities as the sum of a GR contribution and a contribution from the
scalar field. The Eq. (2.8a) allows one to write
Ψ = ΨGR + Ψϕ , (3.13)
which can be used in Eqs. (3.10) and (3.12) to compute the velocity dispersion averaged over
the line-of-sight luminosity as
σ2? = σ
2
?,GR + σ
2
?,ϕ . (3.14)
The computation is done explicitly in Appendix C and the full expressions of the two terms
appearing in the last equation are given by Eqs. (C.8).
4 Procedure to analyse data
Approximately 200 cases of strong gravitational lensing by galaxies are known to date [73]. In
the last 15 years, a large number of these were discovered in four surveys: the Cosmic Lens All-
Sky Survey (CLASS) [85], the Sloan Digital Sky Survey (SDSS) Quasar Lens Search (SQLS)
[86], the Sloan Lens ACS Survey SLACS [87] and the Hubble Space Telescope COSMOS
survey [88]. Strong lenses can be classified into two categories: galaxy-galaxy lenses and
galaxy-quasi-stellar object lenses. The former are suitable for studying the gravitational
potential of the lens itself, as the emission is not overwhelmed by the source which is the case
in the rarer galaxy-quasi-stellar lenses [74]. Despite the increasing wealth of observational
data, most known galaxy strong lens systems are found at a redshift z . 0.4, and the source
or deflector redshift are often missing. Future surveys including the Dark Energy Survey [89],
Euclid [90], the Large Synoptic Survey Telescope [91] and the Square Kilometre Array [92]
are expected to increase the number of known lenses by a factor of 103.
4.1 Dataset
The data used in our analysis is a sub-sample of 53 galaxies presented in Table 4 of [75]5.
Complementary studies on the same data have examined the validity of GR by constraining
the post-Newtonian parameter γPPN [76, 77] and Hassan-Rosen bimetric gravity [78].
5A compilation of the data conveniently containing the redshifts, velocity dispersions, Einstein radii, and
SM power law index δ of the galaxies used in this study can be found at http://www.fysik.su.se/~edvard/
slacsl.html, see [78].
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The complete dataset consists of the line-of-sight luminosity velocity dispersion σ? and
its standard error εg, the Einstein radius θ∗, the SM profile parameter δ, the redshift to
the source zs, the redshift to the lens, zl, the luminosity of each galaxy in the visual band
λ = 555 nm, LV 555, and the effective radius of each galaxy Rg.
The fit cannot be done without three additional parameters, the Hubble rate H0 and
the deceleration parameter q0, as well as the aperture parameter σ¯atm. We will set H0 to
exactly 67.8 km/s/Mpc, and further assume a flat universe with ΩΛ = 0.692 to determine q0.
These values correspond to the best fits values obtained by Planck [93]. In Sec. 5.4, we show
that our analysis is robust to a change in these two parameters. The parameter σ¯ = 1.6′′, is
chosen to be consistent with the range determined by [75].
4.2 Velocity dispersion computation
In this section, we will present briefly the procedure used to compute a velocity dispersion.
The calculations related to this section are presented in Sec. 3 and derived in detail in Ap-
pendix B, C and D. First, let us list the parameters considered in the Bayesian inference and
the parameters directly inferred from observations. The observed parameters are (for each
galaxy): the Einstein radius θ∗, the exponent for the SM density distribution δ, the redshifts
of the source zl and the lense zs, the luminosity LV 555 included in an effective radius Rg.
The parameters considered in the Bayesian inference are: the two coupling strengths αl,∞,
αd,∞, the power-law exponent γ that parametrizes the total matter profile (see Eq. (2.4a)),
the velocity dispersion anisotropy parameter β and the mass-to-light ratio Υ between the SM
mass of the galaxy (M∗) and the LV 555. The variable of interest is the velocity dispersion
σ?. The procedure to compute σ? consists in the following steps:
• The Hubble parameter H0 and the cosmic deceleration parameter q0 are used to trans-
form the redshifts zl and zs into angular diameter distances Dl, Ds and Dls.
• The value of M∗ = ΥLV 555 and of Rg are used with Eq. (D.6a) to evaluate the GR
part of the SM density parameters ρ
(δ)
0,GR.
• Using the observed value of the Einstein radius θ∗, one can evaluate the GR part of the
total density parameter ρ
(γ)
0,GR with Eq. (D.8a).
• The computed values of ρ(δ)0,GR and ρ(γ)0,GR along with Eqs. (A.29) are used to evaluate
the constants kδ and kγ .
• It is then possible to evaluate the first order correction to the density parameters ρ(δ)0
and ρ
(γ)
0 . The correction ρ
(δ)
0,ϕ is determined from Eq. (D.6b) where M¯lum is given by
(D.4b). The correction ρ
(γ)
0,ϕ is given by Eq. (D.8c).
• Lastly, using Eqs. (C.7) and (C.8) one can evaluate σ?.
4.3 Bayesian inference
In this paper, we perform a Bayesian inference to constrain the coupling strengths αl,∞ and
αd,∞ that characterize a possible violation of the EEP in the Dark sector. Three additional
parameters need to be considered in this inference: γ, β and Υ. Since we are not interested
in those, we will marginalize over these at the end of the process.
– 11 –
The observations of the 53 galaxies (i.e. the velocity dispersions) are assumed to be
independent and their distribution to follow an inverse Gamma distribution. This distribution
is justified because the velocity dispersions are required to be positive and because this
distribution is the conjugate distribution on the variance parameter of a Gaussian [94]. The
probability density function (pdf) describing the likelihood is given by
L(σ?,g|αl,∞, αd,∞, γ, β,Υ) =
Ng∏
g=1
β
αg
g
Γ(αg)
σ
−1−αg
sim,g exp
(
− βg
σsim,g
)
, (4.1)
with Ng the number of galaxies, Γ(x) the Gamma function, σsim,g are the simulated values of
the velocity dispersions that depends on the parameters considered. The procedure to com-
pute the prediction of the velocity dispersion σsim,g = σ?(αl,∞, αd,∞, γ, β,Υ;LV 555,g, θ∗,g, δg)
is fully described in Sec. 4.2. Moreover, αg, βg are the parameters characterizing each indi-
vidual likelihood. They can be related to the mean σ?,g and variance ε
2
g of each observations
through [95]
σ?,g =
βg
αg − 1 , ε
2
g =
β2g
(αg − 1)2(αg − 2) . (4.2)
The posterior pdf is given by
p(αl,∞, αd,∞, γ, β,Υ|σ?,g) = C L(σ?,g|αl,∞, αd,∞, γ, β,Υ)pi(αl,∞, αd,∞, γ, β,Υ) , (4.3)
where C is a normalizing constant and pi(αl,∞, αd,∞, γ, β,Υ) is the prior pdf on the parameters.
We assume the parameters to be a priori independent so that
pi(αl,∞, αd,∞, γ, β,Υ) = piαl,αd(αl,∞, αd,∞)piγ(γ)piβ(β)piΥ(Υ) , (4.4)
with piαl,αd(αl,∞, αd,∞) the 2D prior pdf on the coupling strengths. In the general case,
we assume the prior on the two coupling strengths to be independent piαl,αd(αl,∞, αd,∞) =
piαl(αl,∞)piαd(αd,∞). Nevertheless, let us mention that in Sec. 5.2 and 5.3, we enforce the
coupling strengths to be equal or of opposite signs αl,∞ = ±αd,∞. In these cases, the number
of independent parameters considered in the analysis is reduced by one. This corresponds
as taking a non-independent prior piαl,αd(αl,∞, αd,∞) = piαl(αl,∞)δ(αl,∞ ∓ αd,∞). We will
discuss the form of the individual prior pdf’s used in this study in Sec. 4.3.1.
Finally, the marginal pdf of the two parameters of interest αl,∞ and αd,∞ is obtained
by
p(αl,∞, αd,∞|σ?,g) =
∫
dΥ
∫
dγ
∫
dβ p(αl,∞, αd,∞, γ, β,Υ|σ?,g) . (4.5)
The MCMC algorithm used is a standard Metropolis-Hastings algorithm based on a
simplified version of the software developed in [96]. We run the Metropolis-Hasting sampler
until 107 samples have been generated. The convergence of the Monte Carlo is ascertained by
monitoring the credible region. Finally, to diminish the effect of the starting configuration,
we discard the first 104 samples.
4.3.1 Prior pdf’s used
For practical considerations, we use results from previous studies to guide us in choosing
reasonable prior pdf’s. Different priors have been used in this analysis.
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• Typical values for the anisotropy velocity dispersion β for a sample of nearby galaxies
are mentioned in [77]. The values for β range from −∞ to 1. In this paper, we use a
beta prime distribution for 1− β. This distribution is justified because of the range of
value for β but also because using an inverse Gamma distribution for σ2t and σ
2
r (see
the justification of the likelihood above) leads to a beta prime distribution on 1 − β.
The parameters of this distribution are determined so that the mean value for β is
< β >= 0.18 and the corresponding standard deviation is σβ = 0.13. These values
are the same as the ones used in [76–78] and corresponds to the distribution of mass-
dynamical properties of the well-studied sample of nearby elliptical galaxies from [97].
Note that we checked the robustness of our results by using a uniform prior pdf and a
normal prior pdf. The results are very robust with respect to these changes.
• The total density profile is known to be close to an isothermal profile. We use normal
prior pdf characterized by mean < γ >= 2 and a standard deviation σγ = 0.08 [77].
We checked the robustness of our results by using a uniform prior distribution as well.
• The authors in [87] found that on average Υ = 4.48 ± 0.46hML (at z = 0.2) out to
100 effective radii for a sub-sample of the data considered in this study. The prior pdf
used for the Υ parameter is a flat prior pdf between 1 and 10 to preserve the order of
magnitude of the mass-to-light ratio.
• No a priori knowledge is found on αd,∞. Therefore, we use a non-informative scale
invariant Jeffreys prior pdf for this parameter (see the discussion in chapter 3 of [98]).
This prior is scale invariant and is also invariant under reparametrization.
• Two different prior pdf’s have been considered for the parameter αl,∞. In the first case
where only galactic data are used, we assume no prior knowledge on this parameter and
use a non-informative scale invariant Jeffreys prior pdf (see the discussion in chapter
3 of [98]). In the second case, we use additional information from Solar System obser-
vations. More precisely, it is known that the action (1.5) leads to an expression of the
parametrized post-Newtonian (PPN) parameter γPPN given by [52]
γPPN − 1 = −2
α2l,∞
1 + α2l,∞
, (4.6)
where we implicitly assume that DM can be neglected in the Solar System. Moreover,
this parameter has been estimated by the Cassini spacecraft as [44]
γPPN − 1 = (2.1± 2.3)× 10−5 . (4.7)
The second prior used in this analysis comes from this constraint. We transform the
Cassini estimation into a prior pdf for the αl,∞ parameter. The two different priors
considered for αl,∞ will lead to different results as we discuss in the Sec. 5.
5 Results
In this section, we will present the main results of our Bayesian inference. All the posterior
pdf’s presented on αl,∞ and αd,∞ are marginalized over the other parameters γ, β and Υ. As
mentioned in Sec. 4.3.1, different types of prior pdf’s have been considered for γ and β. In
the following, all the results presented have been obtained with a normal prior for γ, a beta
prime distribution on 1− β. Nevertheless, as mentioned in Sec. 4.3.1, our results are robust
with respect to a change of prior on these two parameters.
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5.1 General case with two independent couplings
We first consider the general case where the two coupling strengths αl,∞ and αd,∞ are in-
dependent. It is interesting, although not unexpected, to notice that the results are com-
pletely symmetric under a change of sign of the two coupling strengths: αl,∞ → −αl,∞ and
αd,∞ → −αd,∞. This comes from the fact that the observables derived in the Appendix B
and C only depend on the two combinations: α2l,∞ and αl,∞αd,∞ and is a general feature of
this type of tensor-scalar theory [52].
5.1.1 Analysis using only galactic observations
In this section we use only galactic observations to constrain the two coupling strengths.
This means that we have used a non-informative Jeffreys prior on both coupling strengths
(see the discussion in Sec. 4.3.1).
The left part of Fig. 2 shows the marginal 68 % and 95 % credible regions obtained by
our Bayesian analysis. The symmetry related to the change of sign of the coupling strengths
is obvious. The regions of parameters favored by the data are characterized by coupling
strengths of opposite signs, αl,∞αd,∞ < 0. These have a “hyperbolic-like” shape. The
data does not constrain the extent of αd,∞. This can be clearly seen in Fig. 3 where the 1D
histograms of the coupling strengths obtained by the MCMC are presented. The marginalized
posterior pdf on αl,∞ has a bimodal shape. Similarly, the marginalized posterior pdf on αd,∞
presents a bimodal shape and extends to very large values. Let us note again that the
approximations used in our modelling break when αd,∞ ∼ 103 (see Sec. 2).
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Figure 2. Representation of the 68 % (red, dashed lines) and 95 % (blue, continuous line) credible
regions obtained using only galactic observations.
Instead of using the coupling strengths as the fundamental variables in our analysis, one
can use the two variables α2l,∞ and αl,∞αd,∞. Using these two combinations is motivated by
the fact that the observables depend explicitly on these two combinations and by the fact that
the credible regions in the (αl,∞, αd,∞) plane have a “hyperbolic-like” shape (characterized
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Figure 3. Representation of the 1D marginalized posterior pdf inferred by our Bayesian analysis on
the coupling strengths αl,∞ and αd,∞ obtained using only galactic observations.
approximately by αl,∞αd,∞ = cst). An independent MCMC run using α2l,∞ and αl,∞αd,∞
leads to the credible regions shown on the right of Fig. 2. The shape of the credible regions
is triangular and characterized by negative values of αl,∞αd,∞, which can also be seen on
the histograms from Fig. 4. The main advantage of using these variables in the Bayesian
inference comes from the fact that the credible region does not extend to very large values.
The 1D histograms on these two parameters are presented on Fig. 4. The 68% and 95%
(marginalized) credible intervals are presented in Tab. 1.
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Figure 4. Representation of the 1D marginalized posterior pdf inferred by our Bayesian analysis on
the combinations α2l,∞, αd,∞αl,∞ as well as the relative differential acceleration given by Eq. (1.6)
obtained using only galactic observations. The vertical dashed blue lines represent the 68 % Bayesian
credible intervals while the vertical continuous green lines represent the 95 % Bayesian credible in-
tervals. We emphasize here that the posterior pdf on (∆a/a)l;l−d is computed using Eq. (1.6) and
corresponds therefore to an indirect analysis that is model dependent.
As mentioned in the introduction, the model considered here can produce a violation of
the EPP when the coupling strengths are not equal. This will result in a violation of the UFF.
As we have seen in the previous paragraph, our analysis favours a region of the parameter
space characterized by coupling strengths of opposite signs, thus leading to a violation of the
UFF. It is interesting to quantify this violation. Using Eq. (1.6), we transform the results
of our MCMC samplings into a sampling of (∆a/a)l;l−d, the relative differential acceleration
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Table 1. Estimation of the 68% and 95% marginal credible intervals obtained using galactic obser-
vations alone.
Parameter 68% 95%
α2l,∞ [0 , 0.023] [0 , 0.063]
αl,∞αd,∞ [-0.67 , 0.0] [−1.91 , 0.17]
(∆a/a)l;l−d [−0.004 , 0.84] [−0.19 , 3.53]
between a test body made of DM and a test body made of SM falling in the same gravitational
field generated by a body made of SM. The marginal 1D posterior pdf on (∆a/a)l;l−d is shown
on the right of Fig. 4. No violation of the UFF is favoured by galactic observations at the 68%
credible level. The values of the credible intervals are also mentioned in Tab. 1. We emphasize
here that the analysis on (∆a/a)l;l−d is an indirect analysis that is model dependent and is
not a direct observation of ∆a/a.
5.1.2 Combined analysis using Solar System and galactic observations
As explained in Sec. 4.3.1, the parameter αl,∞ can be linked to the PPN parameter γPPN in
the Solar System (assuming DM to be negligible in the Solar System). Here, we will include
the Solar System constraint on γPPN coming from the Cassini spacecraft measurement [44].
More precisely, we produce a new MCMC run using a prior pdf on αl,∞ derived from the
Cassini constraint (see the discussion in Sec. 4.3.1). Fig. 5 represents the 2D marginal credible
regions obtained including the Cassini constraint. These two figures can be compared to the
ones from Fig. 2. One can see that the regions are much smaller in the α2l,∞ direction, which
shows the strong impact of the Solar System constraint. Nevertheless, no improvement can
be noticed on the αd,∞αl,∞ direction. This is confirmed by comparing the 1D histogram from
the middle of Fig. 6 with the middle of Fig. 4: both distributions are very similar (see also
the values of the credible intervals mentioned in Tab. 1 and in Tab. 2). As a consequence, the
indirect constraint on (∆a/a)l;l−d is not improved by the addition of the Cassini constraint.
This can be seen from the right histograms of Fig. 6 and 4 (see also the values of the credible
intervals mentioned in Tab. 1 and in Tab. 2).
The fact that αl,∞αd,∞ remains of the same order of magnitude as previously while the
quantity α2l,∞ is reduced by a factor 10
4 implies that estimations of αd,∞ will be much larger
than previously. This can be seen from the credible regions on the left panel of Fig. 5. This
is also confirmed by the 1D marginal posterior pdf on the parameter αd,∞ that is shown on
the left of Fig. 6. This is an interesting fact: the Cassini constraint on the γPPN parameter
implies that estimations of αl,∞ are much smaller but also lead to higher estimations in the
parameter αd,∞. Let us recall that our modelling is valid only up to values of αd,∞ of the
order of 103.
Table 2. Estimation of the 68% and 95% marginal credible intervals obtained using galactic obser-
vations combined with Solar System PPN constraint.
Parameter 68% 95%
αl,∞αd,∞ [−0.81 , −0.07] [−2.15 , 0.10]
(∆a/a)l;l−d [−0.003 , 0.98] [−0.14 , 4.09]
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Figure 5. Representation of the 68 % (red, dashed lines) and 95 % (blue, continuous line) credible
region obtained using galactic observations combined with the Cassini measurement from [44].
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Figure 6. Representation of the 1D marginalized posterior pdf inferred by our Basesian analysis on
the combinations α2l,∞, αd,∞αl,∞ as well as the relative differential acceleration given by Eq. (1.6)
obtained using galactic observations combined with the Cassini measurement from [44]. The vertical
dashed blue lines represent the 68 % credible interval while the vertical continuous green lines represent
the 95 % credible interval. We emphasize here that the posterior pdf on (∆a/a)l;l−d is computed using
Eq. (1.6) and corresponds therefore to an indirect analysis that is model dependent.
5.2 Universal coupling
In this section, we will enforce the coupling strengths to be equal αl,∞ = αd,∞. In this case,
we have a universal coupling between the scalar field and matter (in the Einstein frame) which
corresponds to a case with no violation of the EEP. This can be seen from the action (1.4)
where M(Φ) = 1 in the case of equal coupling functions. We are therefore considering a
standard Brans-Dicke theory [47–49]. The marginal posterior pdf on the coupling strength
αl,∞ is shown on the left of Fig. 7. It has a plateau between -0.2 and 0.2 and rapidly goes to
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zero on either side of this plateau. The related Bayesian credible intervals are presented in
Tab. 3. This constraint can be transformed into a constraint on the γPPN parameter using
the Eq. (4.6). This leads to a negative estimation of γPPN−1 (logical since this kind of tensor
scalar theories can only produce negative values of γPPN − 1). The 68% credible interval on
the γPPN parameter is given by [−0.07, 0]. A constraint at the level of 10−2 on this parameter
has also been obtained in [76, 77] by using a very similar dataset but another method.
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Figure 7. Representation of the 1D marginalized posterior pdf inferred by our Bayesian analysis on
the coupling strength αl,∞ obtained using only galactic observations. Left: Brans-Dicke theory charac-
terized by of a universal coupling (αl,∞ = αd,∞). Right: opposite coupling strengths (αl,∞ = −αd,∞).
The vertical dashed blue lines represent the 68 % credible interval while the vertical continuous green
lines represent the 95 % credible interval.
In the case of a pure Brans-Dicke theory (characterized by the action (1.4) with h(Φ) =
Φ, M(Φ) = 1 and ω(Φ) = ωBD), the αl,∞ parameter is related to the ωBD parameter through
2α2l,∞/(1 +α
2
l,∞) = (2ωBD + 3)
−1. The 1-σ credible interval on α2l,∞ leads to an estimation of
ωBD > 28.9. The best constraint is ωBD > 4×104 coming from the Cassini measurement [44].
Note that binary systems also provided constraints at the level of ωBD > 1250 [66, 99].
Table 3. Estimation of the 68% and 95% credible intervals of the coupling strength obtained using
galactic observations.
Parameter 68% 95%
Brans-Dicke (universal coupling) αl,∞ = αd,∞ [−0.19 , 0.19] [−0.295 , 0.295]
Opposite couplings αl,∞ = −αd,∞ ±[0.128 , 0.295] [−0.304 , 0.304]
5.3 Coupling strengths of same magnitude but opposite signs
In this section, we will enforce the coupling strengths to be of the same magnitude but with
opposite signs αl,∞ = −αd,∞. This case is known to have interesting properties at cosmo-
logical scales: it allows one to mimic Dark Energy and produces an interesting explanation
to the cosmological coincidence problem [55, 56]. This case leads to a violation of the UFF
characterized by (∆a/a)l;l−d = 2α2l,∞. The marginal posterior pdf of αl,∞ is shown on the
right of Fig. 7 and the related credible intervals are in Tab. 3. The data also seems to indicate
a violation of the EEP at 1σ level (but everything is compatible with the EEP at 2σ).
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5.4 Influence of the Hubble and deceleration cosmic parameters on the results
The deflection angle is dependent on the Hubble rate and the cosmological constant through
angular diameter distances. As a consequence our analysis may be sensitive to the values we
have chosen for H0 and ΩΛ. In this paper, the cosmological values H0 = 67.8km/Mpc/s and
ΩΛ = 0.692 obtained by Planck were chosen [93]. Studies that use lensing to estimate cosmo-
logical parameters [76, 77, 100, 101] find values of ΩΛ consistent with our chosen fiducial val-
ues. The margin of error on the cosmological parameters using galaxy-galaxy lensing remains
large. Using the best available constraints H0 = 67.8 ± 0.9 km/Mpc/s , ΩΛ = 0.692 ± 0.012
[93], one can show that the effect of the cosmological parameters on the estimated credible re-
gion for the coupling strengths is weak. This is illustrated in Fig. 8 in which credible regions
on the estimated parameters obtained using different values for the cosmological parameters
are shown. One can see that the credible region does not change significantly when changing
the cosmological parameters. Similar results hold in case of a single independent coupling
and in the combined Solar System and galactic observations cases. A more robust analysis
would encode what is known about H0 and ΩΛ as priors and marginalize over these param-
eters to obtain results independent of these parameters. However, the analysis presented in
this section indicates there is little advantage to be gained by this and that the results would
not change significantly.
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Figure 8. The effect of varying H0 and ΩΛ on the 68 % (dashed lines) and the 95 % (continuous
lines) on the credible regions of independent αl,∞ and αd,∞. Only galactic observations are used for
the above constraints. The leftmost plot is for a fixes ΩΛ while the rightmost plot fixes H0. In both
cases we consider a variation of ±3σ for the variable cosmological parameter.
6 Conclusion
In this paper, we presented a general framework to test the Einstein Equivalence Principle
(EEP) in the Dark sector on galactic scales. To this end, we use combined observational
constraints on strong lensing and velocity dispersions within the lens galaxies. The dataset
used is a sample of 53 galaxies for which we have both lensing and velocity dispersion data
available. We modelled potential violations of the EEP via a simple scalar-tensor theory
non-universally coupled to standard luminous matter (SM) and Dark Matter (DM). The
departure from GR is parametrized by 2 coupling strengths αl,∞ and αd,∞ (derivatives of
the logarithm of the couplings to SM αl,∞ =
d lnAl(ϕ)
dϕ |ϕ∞ and to DM αd,∞ = d lnAd(ϕ)dϕ |ϕ∞).
By employing a weak field approximation, we derived analytical expressions, valid at leading
order in the value of the scalar field, for both the radius of the Einstein ring of lens galaxies
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and the velocity dispersion in these lens galaxies. We showed that the relevant parameters
actually constrained by these observations were the combinations of the coupling strengths
α2l,∞ and αl,∞αd,∞ whose constraints are presented on Fig. 2. As a result of this degeneracy,
while constraints on the coupling strength to SM are reasonably strong (see left of Fig. 3),
the coupling strength to DM is very poorly constrained (see right of Fig. 3). Combining
galactic observations with Solar System constraints significantly improves the constraints
on the coupling strength to SM, but the coupling strength to DM remains poorly (if at
all) constrained (see left of Fig. 6); actually, because of the degeneracy mentioned above,
constraints on αd,∞ are relaxed by the introduction of the Solar System constraints.
Probably the most interesting result of this analysis is that that data favour coupling
strengths of opposite signs (see middle of Fig. 4): if any violation of the EEP is real, it is
more likely to present itself with coupling strengths of opposite signs. Whether or not this
preference has a dynamical origin is still unclear and will be investigated in a future work,
but it might be an interesting hint about non-universally coupled theories of gravity. The
coupling strengths can be used as an indirect probe of the Universality of Free Fall (UFF). We
find that the inferred anomalous acceleration between SM and DM falling in the gravitational
field of SM
(
∆a
a
)
l;l−d is compatible with GR at 1-σ and has a very long non-Gaussian tail,
thus preventing us from ruling out potential violation of the UFF. We emphasize here again
that constraints on the UFF are indirect since coming from Eq. (1.6) and are therefore model
dependent.
These results indicate that, in order to lift the degeneracy and to be able to probe αd,∞
efficiently, one should turn to observables dominated by the dynamics of DM. Therefore, the
next step in testing the UFF between ordinary and DM will be to study the effects of the
anomalous couplings on cosmological structure formation in the linear regime. In particular,
in these models, we expect both a change in the linear growth rate of large scale structure
and an additional bias between the power spectrum of DM and the observed power spectrum
of galaxies on large scales. Such quantities could be constrained in the near future with large
scale surveys such as the SKA, using, e.g. redshift space distortion [102–104].
Acknowledgments
The authors thank A. Fu¨zfa and B. Famaey for interesting discussions on this topic, C.
Stubbs for pointing interesting references to them and the anonymous referee for useful
comments that helped to improve the quality of the publication. AH thanks A. Rivoldini for
useful discussions about the Bayesian inference. JL and NM are supported by the National
Research Foundation (South Africa).
– 20 –
A Field equations and weak field solutions
A.1 Einstein frame and field equations
In Sec. 1, we discuss what form the gravitational action may take in theories in which the
EEP may not hold. In particular we consider scalar-tensor theories given by the Jordan
Frame action (see Eq. 1.4 )
S =
c4
16piG∗
∫
d4x
√−g
[
h(Φ)R− ω(Φ)
Φ
gµν∂µΦ∂νΦ
]
+ Sl [gµν ,Ψl] + Sd
[
M2(Φ)gµν ,Ψd
]
,
(A.1)
where the subscripts l and d refer to SM and DM respectively. We can move from the Jordan
frame to the Einstein frame by applying the following conformal transformations and scalar
field redefinition:
gµν = A
2
l (ϕ)g
∗
µν , (A.2a)
A2l (ϕ) = h
−1 (Φ) , (A.2b)(
dϕ
dΦ
)2
≡ 3
4
(
d lnh (Φ)
dΦ
)2
+
ω (Φ)
2Φh (Φ)
, (A.2c)
M(Φ) ≡ Ad (ϕ)
Al (ϕ)
. (A.2d)
The action then takes the form
S =
c4
16piG∗
∫
d4x
√−g∗ [R∗ − 2gµν∗ ∂µϕ∂νϕ] + Sl
[
A2l (ϕ)g
∗
µν ,Ψl
]
+ Sd
[
A2d(ϕ)g
∗
µν ,Ψd
]
,
(A.3)
where the stars indicate quantities expressed in the Einstein frame. In both frames the bare
gravitational constant, G∗, can be related to the observed gravitational constant G by the
formula:
G = G∗A2l (ϕ) =
G∗
h (Φ)
. (A.4)
From the variation of the action we are able to derive the following field equations
R∗µν −
1
2
R∗g∗µν =
8piG∗
c4
(
T ∗(l)µν + T
∗(d)
µν
)
+ 2∂µϕ∂νϕ− g∗µν
(
gαβ∗ ∂αϕ∂βϕ
)
, (A.5a)
∗ϕ = −4piG∗
c4
(
αl(ϕ)T
(l)
∗ + αd(ϕ)T
(d)
∗
)
, (A.5b)
where the two energy momentum tensors are given by
T ∗(l)µν = −
2√−g∗
δSl
δgµν∗
, T ∗(d)µν = −
2√−g∗
δSd
δgµν∗
. (A.6)
Similarly, the invariance under diffeomorphism lead to the conservation equations
∇∗µT (l) µν = αl(ϕ)T (l)∗ ∇∗νϕ , ∇∗µT (d) µν = αd(ϕ)T (l)∗ ∇∗νϕ . (A.7)
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In the last equation, we suppose that there is no interaction between DM and SM except
through the scalar field (see also Eq. (9) from [53] or Eq. (6) from [56]).
In the preceding equations, the running of the coupling αl and αd are defined by
αl (ϕ) =
d lnAl (ϕ)
dϕ
, αd (ϕ) =
d lnAd (ϕ)
dϕ
. (A.8)
We assume both types of matter to be described by a perfect fluid. The expression of the
Einstein frame stress energy tensor is given by
T ∗(i)µν =
(
ρ∗(i)c
2 + p∗(i)
)
u∗(i)µu
∗
(i)ν + p
∗
(i)g
∗
µν , (A.9)
where ρ∗(i) and p
∗
(i) are the matter density and pressure and u
∗
(i)µ is the 4-velocity of the fluid,
of the type of matter i (SM or DM). These Einstein frame stress energy tensors are related
to their Jordan frame counterparts by the relation [52]
T ∗(i)µν = A
4
i (ϕ)T
(i)µ
ν , (A.10)
with T
(i)µ
ν =
(
ρ(i)c
2 + p(i)
)
u(i)µu(i)ν + p(i)gµν where ρ(i) and p(i) are the observable matter
density and pressure. This implies the relation between matter density and pressure between
the two frames [52, 58, 59]
ρ∗(i) = A
4
l (ϕ)ρ(i) , (A.11a)
p∗(i) = A
4
l (ϕ)p(i) . (A.11b)
A.2 Spherical symmetry
Assuming spherical symmetry and a static configuration, one can write the Einstein frame
metric in isotropic coordinates as
ds2∗ = −eν∗c2dt2∗ + eλ∗
(
dr2∗ + r
2
∗dΩ
2
)
, (A.12)
where ν∗ and λ∗ depends only on the radial coordinate r∗. Introducing this expression in the
field equations (A.5) and in the conservation equation (A.10) leads to
−λ′′∗ −
2
r∗
λ′∗ =
8piG∗
c2
eλ∗A4l (ϕ)ρt + ϕ
′2 +
λ′2∗
4
, (A.13a)
λ′∗ + ν
′
∗ =
8piG∗
c4
eλ∗A4l (ϕ)r∗pt + r∗ϕ
′2 − r∗ ν
′∗λ′∗
2
− r∗λ
′2∗
4
, (A.13b)
ν ′′∗ +
2ν ′∗
r∗
=
8piG∗
c4
eλ∗A4l (ϕ)
(
ρtc
2 + pt
)− ν ′2∗
2
− λ
′∗ν ′∗
2
, (A.13c)
ϕ′′ + ϕ′
(
λ′∗ + ν ′∗
2
+
2
r∗
)
=
4piG∗
c4
eλ∗A4l (ϕ)
[
αl(ϕ)
(
ρlc
2 − 3pl
)
+ αd(ϕ)
(
ρdc
2 − 3pd
)]
,
(A.13d)
p′l = −
(
αl(ϕ)ϕ
′ +
ν ′∗
2
)(
ρlc
2 + 3pl
)
, (A.13e)
p′d = −
(
αd(ϕ)ϕ
′ +
ν ′∗
2
)(
ρdc
2 + 3pd
)
, (A.13f)
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where
ρt = ρl + ρd and pt = pl + pd . (A.14)
The prime represents the derivative with respect to r∗. These equations need to be com-
plemented by a set of boundary conditions and an equation of state relating the pressures
and the densities. The equations can be solved numerically similarly to what is done in [79]
(note that in that paper, they work in Schwarzschild coordinates whereas we are working in
isotropic coordinates which are more suitable to the weak field observables). In the following,
we will use a weak field approximation of the previous system of equations.
A.3 Weak field limit in the Einstein frame
The galactic gravitational field is always very small. Therefore, it is justified to use a weak
field expansion of the Eqs. (A.13) which allows one to write the metric components as
eν∗ ≈ 1 + ν∗ , (A.15a)
eλ∗ ≈ 1 + λ∗ . (A.15b)
Moreover, the pressure can always be neglected with respect to the density (p/ρc2  1).
Making this approximation, in the Einstein frame, results in a set of simpler equations that
read
∆∗λ∗ = λ′′∗ +
2
r∗
λ′∗ = −
8piG∗
c2
A4l (ϕ)ρt , (A.16a)
∆∗ν∗ = ν ′′∗ +
2
r∗
ν ′∗ =
8piG∗
c2
A4l (ϕ)ρt , (A.16b)
ϕ′′ +
2
r∗
ϕ′ = −4piG∗
c2
A4l (ϕ) (αl(ϕ)ρl + αd(ϕ)ρd) . (A.16c)
Note that in the previous equations, we have neglected terms of the form ϕ′2. The condition
under which we can neglect these terms can be determined a posteriori by using the solution
of the scalar field given by Eq. (A.30) and is given by α2dΞ 1 where Ξ is the compactness
parameter Ξ ∼ G∗M∗/c2r∗. In a typical galaxy, Ξ is of the order of 10−7 which means that
our weak field approximation will break down for values of αd of the order of 10
3. Above
this limit, a strong gravitational field will be created by the scalar field (itself generated by
the strong coupling to the Dark sector). This strong field scenario is not considered here.
A.4 Weak field limit in the Jordan frame for luminous matter
The observables are more easily computed from the Jordan frame. The Jordan frame metric
is related to the Einstein frame one through the conformal transformation (A.2) which can
be written in the weak scalar field limit as
ds2 = A2l (ϕ)ds
2
∗ = A
2
l,∞ [1 + 2αl,∞(ϕ− ϕ∞)] ds2∗ , (A.17)
where the subscripts ∞ refer to quantities evaluated at ϕ∞ = ϕ(r∗ = ∞). In order to have
an asymptotically flat space-time metric, one should do a rescaling of the 4-coordinates
xµ = Al,∞xµ∗ . (A.18)
This rescaling implies in particular a rescaling of the radial coordinate:
r = Al,∞r∗ . (A.19)
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Using this coordinate in the weak field Eqs. (A.16) leads to
∆λ∗ = λ¨∗ +
2
r
λ˙∗ = −8piG
c2
A4l (ϕ)
A4l,∞
ρt(r) , (A.20a)
∆ν∗ = ν¨∗ +
2
r
ν˙∗ =
8piG
c2
A4l (ϕ)
A4l,∞
ρt(r) , (A.20b)
ϕ¨+
2
r
ϕ˙ = −4piG
c2
A4l (ϕ)
A4l,∞
(αl(ϕ)ρl(r) + αd(ϕ)ρd(r)) , (A.20c)
where the dot represents the derivative with respect to r. Note that in the last expressions,
we make use of the observed gravitational constant defined by Eq. (A.4).
We introduce a parametrization of the weak field Jordan frame metric in terms of
standard gravitational potentials Ψ and Φ of the form
ds2 = −
(
1 + 2
Ψ(r)
c2
)
c2dt2 +
(
1− 2Φ(r)
c2
)
dl2 . (A.21)
Using the conformal transformation (A.17) with the rescaling of the variables (A.18), the
gravitational potentials are given by
Ψ(r)
c2
= αl,∞(ϕ− ϕ∞) + ν∗
2
, (A.22a)
Φ(r)
c2
= −αl,∞(ϕ− ϕ∞)− λ∗
2
, (A.22b)
where ϕ, λ∗ and ν∗ are solutions of the Eqs. (A.20). Note that, as we shall see below, the
important quantity for the lensing is Ψ + Φ which is given by
Ψ + Φ
c2
=
ν∗ − λ∗
2
, (A.23)
so that
∆ (Ψ + Φ) = 8piG
A4l (ϕ)
A4l,∞
ρt(r) . (A.24)
A.5 Weak field solution for the scalar field
Finally, we can simplify the field equations (A.20) with a weak field expansion for the scalar
field around φ∞ by expanding the conformal factor
Al(ϕ)
Al,∞
≈ 1 + αl,∞(ϕ− ϕ∞), (A.25)
where Al,∞ = Al(ϕ∞). This expansion is valid if αl,∞(ϕ− ϕ∞) 1 or using the scalar field
solution (A.30) if α2l,∞ and αl,∞αd,∞ are not too large. A more accurate estimation with the
parameters used for the galaxies considered in this study shows that:
α2l,∞ < 10
3 , (A.26a)
αl,∞αd,∞ < 103 . (A.26b)
This assumption can be justified by a naturalness argument or can be justified a posteriori
by our results (see the discussion in Sec. 2). We need to introduce the expression of the
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matter density used. The density profiles we consider are discussed in Sec. 2 and have the
form (2.4a) and (2.4b)
ρt(r) = ρl(r) + ρd(r) = r
−γρ(γ)0 , and ρl(r) = r
−δρ(δ)0 , (A.27)
where γ and δ are two dimensionless constants and ρ
(γ)
0 and ρ
(δ)
0 are constants with the
appropriate dimension.
Using these expressions for the density in Eq. (A.20c) leads to
ϕ¨+
2
r
ϕ˙ = −4piG
c2
(αl,∞ρl + αd,∞ρd) = −kγ
rγ
− kδ
rδ
(A.28)
where we introduce the constants
kδ =
4piG
c2
(αl,∞ − αd,∞) ρ(δ)0 , (A.29a)
kγ =
4piG
c2
αd,∞ρ
(γ)
0 . (A.29b)
The scalar field equation has a general solution of the form ϕ(r) = ϕ∞+ϕγ(r)+ϕδ(r), where
ϕj(r) =
kj
(j − 3) (j − 2)r
2−j , for j = γ or δ . (A.30)
B Gravitational lensing
B.1 Deflection angle
The deflection angle is denoted by ~̂α. The quantity ~̂α, and others with arrows are two
dimensional vectors. In principle, an observer will observe a two dimensional image, and
quantify the bending along two axes. Under the additional assumption that the deflection
angle is small, ~̂α can be computed as an integral of the gradient of the sum of the two
gravitational potentials over the unperturbed line of sight in comoving coordinates. This is
known as the Born approximation, and is valid for galaxies and clusters [105]. It is common
to introduce the rescaled deflection angle α defined by:
~α =
Dls
Ds
~̂α , (B.1)
where Dls is the angular distance between the lens and source and Ds is the angular distance
to the source. This angle corresponds to the observed gravitational deflection angle so that
the lens equation simply takes the form:
~θ = ~θS + ~α , (B.2)
where ~θ is the observed angular position of the image and ~θS is the angular position of the
source in the absence of the lens.
Under the assumption that the deflection angle is small [81], the angle ~α can be com-
puted as
~α =
Dls
Dsc2
∫
∇⊥ (Φ (r) + Ψ (r)) dD, (B.3)
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where ∇⊥ is the two dimensional gradient perpendicular to the line of sight. The previous
integral is performed along a line parallel to the line of sight. The variable D denotes the
projection of the coordinates along the line of sight and ξ is the radius of the projection on
a plane orthogonal to the line of sight (so that r2 = D2 + ξ2). The angle θ is defined as the
angular coordinate on the plane and is related to the ξ coordinate by ξ = θDl.
Taking the 2-D angular gradient of the previous quantity leads to
∇θ · ~α = Dls
DsDlc2
∫
∆ (Φ + Ψ) dD. (B.4)
As a result of Eq. (A.24), we can relate the deflection to the matter density of the lens
∇θ · ~α = Dls
DsDlc2
∫
8piG
A4l (ϕ)
A4l,∞
ρt(r) dD =
2Σ
Σc
, (B.5)
where we introduce the surface mass density
Σ (ξ) =
∫ ∞
−∞
A4l (ϕ)
A4l,∞
ρt(r) dD, (B.6)
and the critical surface mass density
Σc =
c2
4piG
Ds
DlsDl
. (B.7)
A lens is fully characterized by its surface density, and the degree of image distortion
depends on ΣΣc [106]. Under the assumptions (A.26), we can expand the conformal factor
using (A.25) in the surface density Eq. (B.9) which leads to
Σ (ξ) = ΣGR (ξ) + Σϕ (ξ) =
∫ ∞
−∞
ρt (r) dD + 4αl,∞
∫ ∞
−∞
(ϕ (r)− ϕ∞)ρt (r) dD , (B.8)
where r =
√
ξ2 +D2 and where we introduce ΣGR the expression of the surface density
in GR and Σϕ the correction due to the modification of the theory of gravity considered.
Making use of the scalar field solution obtained in Eq. (A.30), we can compute the GR and
scalar field contributions to the surface density in our model as
ΣGR (ξ) =
√
piξ1−γλ(γ)ρ(γ)0 , (B.9a)
Σϕ (ξ) = 4αl,∞ρ
(γ)
0
√
pi
(
kγξ
3−2γ λ(2γ − 2)
(γ − 3) (γ − 2) + kδξ
3−γ−δ λ(γ + δ − 2)
(δ − 3) (δ − 2)
)
, (B.9b)
where
λ(γ) =
Γ
(
γ−1
2
)
Γ
(γ
2
) . (B.10)
The total projected mass within a 2D disk of radius θ in the sky will be denoted by M¯(θ)
whose expression is given by
M¯ (θ) =
∫ ξ=θDl
0
2pixΣ (x) dx = D2l
∫ θ
0
2piθ′Σ
(
θ′Dl
)
dθ′
= M¯GR (θ) + M¯ϕ (θ) = D
2
l
∫ θ
0
2piθ′ΣGR
(
θ′Dl
)
dθ′ +D2l
∫ θ
0
2piθ′Σϕ
(
θ′Dl
)
dθ.′
(B.11)
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The GR and scalar field contributions are then given by the expressions:
M¯GR (θ) =
2pi
3
2 (θDl)
3−γρ(γ)0 λ(γ)
(3− γ) , (B.12a)
M¯ϕ (θ) = 4αl,∞
3− γ
λ(γ)
M¯GR(θ)
(
kγ
(Dlθ)
2−γ λ (2γ − 2)
(γ − 3) (γ − 2) (5− 2γ) + kδ
(Dlθ)
2−δ λ (γ + δ − 2)
(δ − 3) (δ − 2) (5− γ − δ)
)
.
(B.12b)
In cylindrical coordinates, and for an axially symmetric lens, Eq. (B.5) yields
α (θ) =
2
Σcθ
∫ θ
0
θ′Σ
(
θ′Dl
)
dθ′ =
M¯(θ)
ΣcθpiD2l
=
Dls
DlDs
4GM¯(θ)
θ
. (B.13)
Using the expression for the surface density given by Eq. (B.9) and introducing the
expansion of the gravitational deflection angle
α (θ) = αGR (θ) + αϕ (θ) , (B.14)
where αGR (θ) is the standard GR expression and αϕ (θ) is the correction due to the modifi-
cation of the theory of gravity. Using Eqs. (B.13) and (B.12), one gets
αGR (θ) =
Dls
DlDs
4GM¯GR (θ)
θ
=
M¯GR(θ)
θD2l piΣc
, (B.15a)
αϕ (θ) =
Dls
DlDs
4GM¯ϕ (θ)
θ
=
M¯ϕ(θ)
θD2l piΣc
. (B.15b)
B.2 Einstein radius
An Einstein ring is observed when the lens is axially symmetric, and the source, lens and
observer are aligned. In this case, θS = 0 in Eq. (B.2). The angular radius of the Einstein
ring is called the Einstein radius. It is the angle θE such that
α (θE) = θE . (B.16)
We consider the scalar field contribution to the Einstein radius as a first order perturbative
correction to the GR value
θE = θE,GR + θE,ϕ . (B.17)
Introducing this expansion and using the expansion (B.14) in the Eq. (B.16) leads to
θE,GR + θE,ϕ = αGR(θE,GR) + αϕ(θE,GR) +
∂αGR
∂θ
∣∣∣∣
θ=θE,GR
θE,ϕ . (B.18)
Solving the previous equation order by order and using the expression for α given by Eq. (B.15)
leads to
θE,GR = αGR(θE,GR) , (B.19a)
θE,ϕ =
αϕ(θE,GR)
1− ∂αGR∂θ
∣∣∣
θ=θE,GR
=
αϕ (θE,GR)
γ − 1 . (B.19b)
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Introducing the expression of α given by the relations (B.15) in the previous expressions
finally leads to:
θE,GR =
(
Dls
DsDl
4GMGR(θE,GR)
) 1
2
=
(
2
√
piρ
(γ)
0 λ(γ)
Σc(3− γ)
) 1
γ−1 1
Dl
, (B.20a)
θE,ϕ =
θE,GRM¯ϕ(θE,GR)
(γ − 1)M¯GR(θE,GR) (B.20b)
= 4αl,∞
3− γ
γ − 1
θE,GR
λ(γ)
(
kγ
(DlθE,GR)
2−γ λ (2γ − 2)
(γ − 3) (γ − 2) (5− 2γ) + kδ
(DlθE,GR)
2−δ λ (γ + δ − 2)
(δ − 3) (δ − 2) (5− γ − δ)
)
.
(B.20c)
C Velocity dispersion
The line-of-sight stellar velocity dispersion, σ2r , is dependent on the total density (through
the gravitational potential), and the luminosity density [80]. The spherical Jeans equations
allow us to solve for the line-of-sight stellar velocity dispersion as a function of the radius
[82]:
∂(ρlσ
2
r )
∂r
+
2β
r
ρlσ
2
r = −ρl
∂Ψ
∂r
, (C.1)
where Ψ is the standard gravitational potential which enters the time component of the
Jordan frame metric tensor (A.21), σr is the radial component of the velocity dispersion and
β = 1 − σ2t
σ2r
is the velocity anisotropy parameter with σt the tangential component of the
velocity dispersion. All the previous quantities depend on the radial coordinate. Assuming
that β is constant ([80, 97]), the solution to the above equation is
σ2r (r) =
1
ρl(r)r2β
∫ ∞
r
ρl(x)x
2βΨ˙(x)dx , (C.2)
where the expression of Ψ is given by Eq. (A.22a). As usual, we decompose Ψ into a GR
part ΨGR and a correction Ψϕ. Integrating the Eq. (A.20b) gives the GR value
Ψ˙GR =
GMGR(r)
r2
=
4piG
∫ r
0 x
2ρt(x) dx
r2
. (C.3a)
Note that M(r), the total mass included in a volume of radius r, should no be confused with
the mass within a 2D disk of radius θ on the sky M¯(θ) defined by Eq. (B.11).
Moreover, the correction Ψϕ is given by the second term in Eq. (A.22a), so that
Ψ˙ϕ = c
2αl,∞ϕ˙ . (C.3b)
Using the previous expressions leads to
σ2r (r) = σ
2
r,GR (r) + σ
2
r,ϕ (r) (C.4a)
=
G
ρl(r)r2β
∫ ∞
r
ρl(x)x
2β−2M(x)dx+
c2αl,∞
ρl(r)r2β
∫ ∞
r
ρl(x)x
2βϕ˙(x)dx , (C.4b)
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with the expression of ϕ given by Eq. (A.30).
The actual observable from velocity dispersion data is the luminosity weighted over the
line of sight and over the effective spectrometer aperture, which is described by the aperture
weighting function
w (R) = e
−R2
2σ¯2atm , (C.5)
where the standard atmospheric seeing σ¯atm is computed in [75, 84] for the dataset considered
in this paper. The observable is given by the expression [76, 77]:
σ2? =
∫∞
0 dRRw(R)
∫∞
−∞ dzρl(r)
(
1− βR2
r2
)
σ2r (r)∫∞
0 dRRw(R)
∫∞
−∞ dzρl(r)
= σ2?,GR + σ
2
?,ϕ , (C.6)
where r2 = R2 + z2 and where we introduce the decomposition (C.4a).
We write down the two contributions to the velocity dispersion below. The GR contri-
bution is:
σ2?,GR = ρ
(γ)
0 j, (C.7a)
where the coefficients j reads:
j =
4piG(2σ¯2atm)
1−γ/2
(3− γ)(γ + δ − 2β − 2)
Γ
(
5−γ−δ
2
)
Γ
(
3−δ
2
) λ (γ + δ − 2)− βλ (γ + δ)
λ (δ)
. (C.7b)
The scalar field contribution is:
σ2?,ϕ = ρ
(γ)
0 m1 + ρ
(δ)
0 m2, (C.8a)
where the expressions of the two constants are given by
m1 =
4piGα2l,∞
(
2σ¯2atm
)1−γ/2
(3− γ) (γ + δ − 2β − 2)
Γ
(
5−γ−δ
2
)
Γ
(
3−δ
2
) λ(γ + δ − 2)− βλ (γ + δ)
λ (δ)
= jα2l,∞ , (C.8b)
and
m2 =
4piGαl,∞ (αl,∞ − αd,∞)
(
2σ¯2atm
)1−δ/2
(3− δ) (2δ − 2β − 2)
Γ
(
5
2 − δ
)
Γ
(
3−δ
2
) λ(2δ − 2)− βλ (2δ)
λ (δ)
. (C.8c)
D Density parameters
In our model the variable of statistical interest is the total velocity dispersion σ? (see Sec. 4).
It is therefore necessary to express it as a function of the variables that will be used in the
Monte Carlo (i.e. αl,∞, αd,∞, γ and β). The GR and scalar field contributions to the Einstein
radius and velocity dispersion computed in sections B.2 and C have a phenomenological
dependence on the density parameters ρ
(δ)
0 and ρ
(γ)
0 that need to be removed. As usual these
parameters can be decomposed into a GR contribution and a scalar field correction
ρ
(δ)
0 = ρ
(δ)
0,GR + ρ
(δ)
0,ϕ , (D.1a)
ρ
(γ)
0 = ρ
(γ)
0,GR + ρ
(γ)
0,ϕ . (D.1b)
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In Sec. D.1, we show how the knowledge of the SM (or stellar) mass M∗ (see Sec. 4.2 to
see how this variable can be obtained) can be used to determine ρ
(δ)
0,GR and ρ
(δ)
0,ϕ. Then, the
observation of the Einstein radius allows us to determine ρ
(γ)
0,GR and ρ
(γ)
0,ϕ as we will show in
Sec. D.2. As a result we are able to predict the total velocity dispersion depending on the
free parameters γ, β, αl,∞, αd,∞ together with observations of the Einstein radius θ∗ and the
value of the SM mass M∗.
D.1 Luminous matter density parameter
The density parameters ρ
(δ)
0,GR and ρ
(δ)
0,ϕ can be determined through the perturbation of the
SM mass. Given the SM surface density of a galaxy, Σlum, the SM mass contained within
some de-projected radius ξ is given by
M¯lum (ξ) = 2pi
∫ ξ
0
Σlum
(
ξ′
)
ξ′ dξ′. (D.2)
The SM surface density of a galaxy is defined similarly to the total surface mass density
defined by Eq. (B.6):
Σlum(ξ) =
∫ ∞
−∞
A4l (ϕ)
A4l,∞
ρl(r)dD =
∫ ∞
−∞
ρl (r) dD + 4αl,∞
∫ ∞
−∞
(ϕ (r)− ϕ∞)ρl (r) dD , (D.3)
where the radial coordinate is given by r =
√
ξ2 +D2.
The calculation of the SM mass is very similar to the calculation of the projected total
mass that leads to Eqs. (B.12). In the SM case, the equations become:
M¯lum,GR =
2pi
3
2R3−δg ρ
(δ)
0 λ(δ)
3− δ , (D.4a)
M¯lum,ϕ (θ) = 4αl,∞
3− δ
λ(δ)
M¯lum,GR
(
kγ
R2−γg λ (γ + δ − 2)
(γ − 3) (γ − 2) (5− γ − δ) + kδ
R2−δg λ (2δ − 2)
(δ − 3) (δ − 2) (5− 2δ)
)
,
(D.4b)
where Rg is the observed radius of the galaxy.
By equating the expression of the SM mass with its observed value M∗ leads to
M∗ = M¯lum,GR
(
ρ
(δ)
0,GR
)
+
dM¯lum,GR
dρ
(δ)
0
∣∣∣∣∣
ρ
(δ)
0,GR
ρ
(δ)
0,ϕ + M¯lum,ϕ
(
ρ
(δ)
0,GR
)
. (D.5)
The last expression can be inverted order by order by using Eqs. (D.4) to find the density
parameter ρ
(δ)
0 :
ρ
(δ)
0,GR =
M∗(3− δ)
2pi3/2λ(δ)R
(3−δ)
g
, (D.6a)
ρ
(δ)
0,ϕ = −
M¯lum,ϕ
(
ρ
(δ)
0,GR
)
dM¯lum,GR
dρ
(δ)
0
∣∣∣∣
ρ
(δ)
0,GR
= −ρ
(δ)
0,GR
M∗
M¯lum,ϕ
(
ρ
(δ)
0,GR
)
. (D.6b)
– 30 –
D.2 Total matter density parameter
Here, we will show how the observed Einstein radius θ∗ can be used to infer the value of
ρ
(γ)
0 . In Sec. B.2, we derived the GR and scalar field contributions to the Einstein radius θE .
Both contributions are dependent on the density parameters ρ
(γ)
0 and ρ
(δ)
0 . The value of ρ
(δ)
0
is supposed to be known from the luminosity mass (see the previous section). We use the
usual decomposition (D.1) and expand to first order to obtain:
θ∗ = θE
(
ρ
(γ)
0
)
= θE,GR
(
ρ
(γ)
0,GR
)
+
dθE,GR
dρ
(γ)
0
∣∣∣∣∣
ρ
(γ)
0,GR
ρ
(γ)
0,ϕ + θE,ϕ
(
ρ
(γ)
0,GR
)
. (D.7)
Using Eqs. (B.20) to determine ρ
(γ)
0,GR and ρ
(γ)
0,ϕ, one gets:
ρ
(γ)
0,GR =
(Dlθ∗)γ−1
2
√
piλ(γ)
Σc (3− γ) , (D.8a)
ρ
(γ)
0,ϕ = −
θE,ϕ
(
ρ
(γ)
0,GR
)
dθE,GR
dρ
(γ)
0
∣∣∣∣
ρ
(γ)
0,GR
= −ρ
(γ)
0,GR
θ∗
(γ − 1) θE,ϕ
(
ρ
(γ)
0,GR
)
(D.8b)
= −4αl,∞ρ(γ)0,GR
(3− γ)
λ(γ)
[
kγ
(Dlθ∗)2−γλ (2γ − 2)
(5− 2γ)(γ − 3)(γ − 2) + kδ
(θ∗Dl)2−δλ(γ + δ − 2)
5− γ − δ)(δ − 3)(δ − 2)
]
,
(D.8c)
where in the last expression, one uses the GR values for the density parameter in the coeffi-
cients kγ and kδ given by Eqs. (A.29). Therefore, it is clear that the scalar field contribution
to the density parameter ρ
(γ)
0,ϕ explicitly depends on the SM mass density parameter ρ
(δ)
0
through the scalar field solution. This dependence presents no problems as Eqs. (D.6) allow
us to specify this contribution to ρ
(γ)
0 .
References
[1] C. M. Will, Theory and Experiment in Gravitational Physics. Cambridge University Press,
1993.
[2] C. M. Will, The Confrontation between General Relativity and Experiment, Living Reviews in
Relativity 17 (June, 2014) 4, [arXiv:1403.7377].
[3] K. S. Thorne, D. L. Lee, and A. P. Lightman, Foundations for a Theory of Gravitation
Theories, Phys. Rev. D 7 (June, 1973) 3563–3578.
[4] J. G. Williams, S. G. Turyshev, and D. H. Boggs, Lunar Laser Ranging Tests of the
Equivalence Principle with the Earth and Moon, International Journal of Modern Physics D
18 (2009) 1129–1175, [gr-qc/0507083].
[5] J. G. Williams, S. G. Turyshev, and D. H. Boggs, Lunar laser ranging tests of the equivalence
principle, Classical and Quantum Gravity 29 (Sept., 2012) 184004, [arXiv:1203.2150].
[6] S. Schlamminger, K.-Y. Choi, T. A. Wagner, J. H. Gundlach, and E. G. Adelberger, Test of
the Equivalence Principle Using a Rotating Torsion Balance, Phys. Rev. Lett. 100 (Feb.,
2008) 041101, [arXiv:0712.0607].
– 31 –
[7] E. G. Adelberger, J. H. Gundlach, B. R. Heckel, S. Hoedl, and S. Schlamminger, Torsion
balance experiments: A low-energy frontier of particle physics, Progress in Particle and
Nuclear Physics 62 (Jan., 2009) 102–134.
[8] A. Peters, K. Y. Chung, and S. Chu, Measurement of gravitational acceleration by dropping
atoms, Nature 400 (Aug., 1999) 849–852.
[9] S. Fray, C. A. Diez, T. W. Ha¨nsch, and M. Weitz, Atomic Interferometer with Amplitude
Gratings of Light and Its Applications to Atom Based Tests of the Equivalence Principle,
Phys. Rev. Lett. 93 (Dec., 2004) 240404, [physics/0411052].
[10] M. G. Tarallo, T. Mazzoni, N. Poli, D. V. Sutyrin, X. Zhang, and G. M. Tino, Test of
Einstein Equivalence Principle for 0-Spin and Half-Integer-Spin Atoms: Search for
Spin-Gravity Coupling Effects, Phys. Rev. Lett. 113 (July, 2014) 023005, [arXiv:1403.1161].
[11] S. Aghion, O. Ahle´n, C. Amsler, A. Ariga, T. Ariga, A. S. Belov, G. Bonomi, P. Bra¨unig,
J. Bremer, R. S. Brusa, L. Cabaret, C. Canali, R. Caravita, F. Castelli, G. Cerchiari,
S. Cialdi, D. Comparat, G. Consolati, J. H. Derking, S. Di Domizio, L. Di Noto, M. Doser,
A. Dudarev, A. Ereditato, R. Ferragut, A. Fontana, P. Genova, M. Giammarchi, A. Gligorova,
S. N. Gninenko, S. Haider, J. Harasimovicz, S. D. Hogan, T. Huse, E. Jordan, L. V.
Jørgensen, T. Kaltenbacher, J. Kawada, A. Kellerbauer, M. Kimura, A. Knecht, D. Krasnicky´,
V. Lagomarsino, A. Magnani, S. Mariazzi, V. A. Matveev, F. Moia, G. Nebbia, P. Ne´de´lec,
M. K. Oberthaler, N. Pacifico, V. Petra´cˇek, C. Pistillo, F. Prelz, M. Prevedelli, C. Regenfus,
C. Riccardi, O. Røhne, A. Rotondi, H. Sandaker, P. Scampoli, A. Sosa, J. Storey, M. A.
Subieta Vasquez, M. Sˇpacˇek, G. Testera, D. Trezzi, R. Vaccarone, C. P. Welsch, and
S. Zavatarelli, Prospects for measuring the gravitational free-fall of antihydrogen with emulsion
detectors, Journal of Instrumentation 8 (Aug., 2013) 8013P, [arXiv:1306.5602].
[12] P. Perez and Y. Sacquin, The GBAR experiment: gravitational behaviour of antihydrogen at
rest, Classical and Quantum Gravity 29 (Sept., 2012) 184008.
[13] L. Hui, A. Nicolis, and C. W. Stubbs, Equivalence principle implications of modified gravity
models, Phys. Rev. D 80 (Nov., 2009) 104002, [arXiv:0905.2966].
[14] B. Jain and J. VanderPlas, Tests of modified gravity with dwarf galaxies, J. Cosmology
Astropart. Phys. 10 (Oct., 2011) 032, [arXiv:1106.0065].
[15] A. Hammami, C. Llinares, D. F. Mota, and H. A. Winther, Hydrodynamic effects in the
symmetron and f(R)-gravity models, MNRAS 449 (June, 2015) 3635–3644,
[arXiv:1503.02004].
[16] J. A. Frieman and B.-A. Gradwohl, Dark matter and the equivalence principle, Physical
Review Letters 67 (Nov., 1991) 2926–2929.
[17] B.-A. Gradwohl and J. A. Frieman, Dark matter, long-range forces, and large-scale structure,
ApJ 398 (Oct., 1992) 407–424.
[18] M. Kesden and M. Kamionkowski, Tidal tails test the equivalence principle in the dark-matter
sector, Phys. Rev. D 74 (Oct., 2006) 083007, [astro-ph/0608095].
[19] M. Kesden and M. Kamionkowski, Galilean Equivalence for Galactic Dark Matter, Physical
Review Letters 97 (Sept., 2006) 131303, [astro-ph/0606566].
[20] S. M. Carroll, S. Mantry, M. J. Ramsey-Musolf, and C. W. Stubbs, Dark-Matter-Induced
Violation of the Weak Equivalence Principle, Physical Review Letters 103 (July, 2009)
011301, [arXiv:0807.4363].
[21] S. M. Carroll, S. Mantry, and M. J. Ramsey-Musolf, Implications of a scalar dark force for
terrestrial experiments, Phys. Rev. D 81 (Mar., 2010) 063507, [arXiv:0902.4461].
[22] C. W. Stubbs, Experimental limits on any long range nongravitational interaction between
dark matter and ordinary matter, Physical Review Letters 70 (Jan., 1993) 119–122.
– 32 –
[23] Y. Bai, J. Salvado, and B. A. Stefanek, Cosmological constraints on the gravitational
interactions of matter and dark matter, J. Cosmology Astropart. Phys. 10 (Oct., 2015) 029,
[arXiv:1505.04789].
[24] D. Colladay and V. A. Kostelecky´, CPT violation and the standard model, Phys. Rev. D 55
(June, 1997) 6760–6774, [hep-ph/9703464].
[25] D. Colladay and V. A. Kostelecky´, Lorentz-violating extension of the standard model, Phys.
Rev. D 58 (Dec., 1998) 116002, [hep-ph/9809521].
[26] J. D. Tasson, What do we know about Lorentz invariance?, Reports on Progress in Physics 77
(June, 2014) 062901, [arXiv:1403.7785].
[27] V. A. Kostelecky´ and N. Russell, Data tables for Lorentz and CPT violation, Reviews of
Modern Physics 83 (Jan., 2011) 11–32, [arXiv:0801.0287].
[28] R. F. C. Vessot and M. W. Levine, A test of the equivalence principle using a space-borne
clock, General Relativity and Gravitation 10 (Feb., 1979) 181–204.
[29] R. F. C. Vessot, M. W. Levine, E. M. Mattison, E. L. Blomberg, T. E. Hoffman, G. U.
Nystrom, B. F. Farrel, R. Decher, P. B. Eby, and C. R. Baugher, Test of relativistic
gravitation with a space-borne hydrogen maser, Phys. Rev. Lett. 45 (Dec., 1980) 2081–2084.
[30] L. Cacciapuoti and C. Salomon, Atomic clock ensemble in space, Journal of Physics
Conference Series 327 (Dec., 2011) 012049.
[31] P. Delva, A. Hees, S. Bertone, E. Richard, and P. Wolf, Test of the gravitational redshift with
stable clocks in eccentric orbits: application to Galileo satellites 5 and 6, ArXiv e-prints (Aug.,
2015) [arXiv:1508.06159].
[32] J.-P. Uzan, Varying Constants, Gravitation and Cosmology, Living Reviews in Relativity 14
(Mar., 2011) 2, [arXiv:1009.5514].
[33] T. Rosenband, D. B. Hume, P. O. Schmidt, C. W. Chou, A. Brusch, L. Lorini, W. H. Oskay,
R. E. Drullinger, T. M. Fortier, J. E. Stalnaker, S. A. Diddams, W. C. Swann, N. R.
Newbury, W. M. Itano, D. J. Wineland, and J. C. Bergquist, Frequency Ratio of Al+ and
Hg+ Single-Ion Optical Clocks; Metrology at the 17th Decimal Place, Science 319 (Mar.,
2008) 1808–.
[34] J. Gue´na, M. Abgrall, D. Rovera, P. Rosenbusch, M. E. Tobar, P. Laurent, A. Clairon, and
S. Bize, Improved Tests of Local Position Invariance Using Rb87 and Cs133 Fountains, Phys.
Rev. Lett. 109 (Aug., 2012) 080801, [arXiv:1205.4235].
[35] O. Minazzoli and A. Hees, Late-time cosmology of a scalar-tensor theory with a universal
multiplicative coupling between the scalar field and the matter Lagrangian, Phys. Rev. D 90
(July, 2014) 023017, [arXiv:1404.4266].
[36] A. Hees, O. Minazzoli, and J. Larena, Breaking of the equivalence principle in the
electromagnetic sector and its cosmological signatures, Phys. Rev. D 90 (Dec., 2014) 124064,
[arXiv:1406.6187].
[37] A. Hees, O. Minazzoli, and J. Larena, Observables in theories with a varying fine structure
constant, General Relativity and Gravitation 47 (Feb., 2015) 9, [arXiv:1409.7273].
[38] S. B. Lambert and C. Le Poncin-Lafitte, Determining the relativistic parameter γ using very
long baseline interferometry, A&A 499 (May, 2009) 331–335, [arXiv:0903.1615].
[39] E. V. Pitjeva and N. P. Pitjev, Relativistic effects and dark matter in the Solar system from
observations of planets and spacecraft, MNRAS 432 (July, 2013) 3431–3437,
[arXiv:1306.3043].
[40] A. K. Verma, A. Fienga, J. Laskar, H. Manche, and M. Gastineau, Use of MESSENGER
– 33 –
radioscience data to improve planetary ephemeris and to test general relativity, A&A 561
(Jan., 2014) A115, [arXiv:1306.5569].
[41] A. Fienga, J. Laskar, P. Exertier, H. Manche, and M. Gastineau, Numerical estimation of the
sensitivity of INPOP planetary ephemerides to general relativity parameters, Celestial
Mechanics and Dynamical Astronomy 123 (Sept., 2015) 325–349.
[42] A. Hees, W. M. Folkner, R. A. Jacobson, and R. S. Park, Constraints on modified Newtonian
dynamics theories from radio tracking data of the Cassini spacecraft, Phys. Rev. D 89 (May,
2014) 102002, [arXiv:1402.6950].
[43] A. Hees, Q. G. Bailey, C. Le Poncin-Lafitte, A. Bourgoin, A. Rivoldini, B. Lamine,
F. Meynadier, C. Guerlin, and P. Wolf, Testing Lorentz symmetry with planetary orbital
dynamics, Phys. Rev. D 92 (Sept., 2015) 064049, [arXiv:1508.03478].
[44] B. Bertotti, L. Iess, and P. Tortora, A test of general relativity using radio links with the
cassini spacecraft, Nature 425 (Sept., 2003) 374–376.
[45] A. S. Konopliv, S. W. Asmar, W. M. Folkner, O. Karatekin, D. C. Nunes, S. E. Smrekar,
C. F. Yoder, and M. T. Zuber, Mars high resolution gravity fields from mro, mars seasonal
gravity, and other dynamical parameters, Icarus 211 (2011), no. 1 401 – 428.
[46] A. Hees, B. Lamine, S. Reynaud, M.-T. Jaekel, C. Le Poncin-Lafitte, V. Lainey, A. Fu¨zfa,
J.-M. Courty, V. Dehant, and P. Wolf, Radioscience simulations in General Relativity and in
alternative theories of gravity, Classical and Quantum Gravity 29 (Dec., 2012) 235027,
[arXiv:1201.5041].
[47] P. Jordan, Formation of the Stars and Development of the Universe, Nature 164 (Oct., 1949)
637–640.
[48] C. Brans and R. H. Dicke, Mach’s principle and a relativistic theory of gravitation, Phys. Rev.
124 (1961) 925–935.
[49] C. H. Brans, Jordan-Brans-Dicke Theory, Scholarpedia 9 (Mar., 2014) 31358.
[50] P. G. Bergmann, Comments on the scalar-tensor theory, International Journal of Theoretical
Physics 1 (May, 1968) 25–36.
[51] R. V. Wagoner, Scalar-Tensor Theory and Gravitational Waves, Phys. Rev. D 1 (June, 1970)
3209–3216.
[52] T. Damour and G. Esposito-Farese, Tensor-multi-scalar theories of gravitation, Class. and
Quantum Grav. 9 (Sept., 1992) 2093–2176.
[53] T. Damour, G. W. Gibbons, and C. Gundlach, Dark matter, time-varying G, and a dilaton
field, Phys. Rev. Lett. 64 (Jan., 1990) 123–126.
[54] J.-M. Alimi and A. Fu¨zfa, Is Dark Energy Abnormally Weighting?, International Journal of
Modern Physics D 16 (2007) 2587–2592, [astro-ph/0609099].
[55] A. Fu¨zfa and J.-M. Alimi, Toward a unified description of dark energy and dark matter from
the abnormally weighting energy hypothesis, Phys. Rev. D 75 (June, 2007) 123007,
[astro-ph/0702478].
[56] J.-M. Alimi and A. Fu¨zfa, The abnormally weighting energy hypothesis: the missing link
between dark matter and dark energy, J. Cosmology Astropart. Phys. 9 (Sept., 2008) 14,
[arXiv:0804.4100].
[57] J.-M. Alimi and A. Fu¨zfa, The Abnormally Weighting Energy Hypothesis: The origin of the
cosmic acceleration, in American Institute of Physics Conference Series (J.-M. Alimi and
A. Fuo¨zfa, eds.), vol. 1241 of American Institute of Physics Conference Series, pp. 690–699,
June, 2010. arXiv:1002.4721.
– 34 –
[58] T. Damour and K. Nordtvedt, General relativity as a cosmological attractor of tensor-scalar
theories, Phys. Rev. Lett. 70 (Apr., 1993) 2217–2219.
[59] T. Damour and K. Nordtvedt, Tensor-scalar cosmological models and their relaxation toward
general relativity, Physics Review D 48 (Oct, 1993) 3436–3450.
[60] E´. E´. Flanagan, REPLY TO COMMENT: The conformal frame freedom in theories of
gravitation, Classical and Quantum Gravity 21 (Aug., 2004) 3817–3829, [gr-qc/0403063].
[61] A. Hees and A. Fu¨zfa, Combined cosmological and solar system constraints on chameleon
mechanism, Physical Review D 85 (May, 2012) 103005, [arXiv:1111.4784].
[62] K. Nordtvedt, Equivalence Principle for Massive Bodies. I. Phenomenology, Physical Review
169 (May, 1968) 1014–1016.
[63] K. Nordtvedt, Equivalence Principle for Massive Bodies. II. Theory, Physical Review 169
(May, 1968) 1017–1025.
[64] K. Nordtvedt, Equivalence Principle for Massive Bodies Including Rotational Energy and
Radiation Pressure, Physical Review 180 (Apr., 1969) 1293–1298.
[65] C. M. Will, Theoretical frameworks for testing relativistic gravity. ii. parametrized
post-newtonian hydrodynamics, and the nordtvedt effect, Astrophysical Journal 163 (Feb.,
1971) 611.
[66] C. M. Will and H. W. Zaglauer, Gravitational radiation, close binary systems, and the
Brans-Dicke theory of gravity, ApJ 346 (Nov., 1989) 366–377.
[67] A. Hees and O. Minazzoli, Post-Newtonian phenomenology of a massless dilaton, ArXiv
e-prints (Dec., 2015) [arXiv:1512.05233].
[68] T. Damour and A. M. Polyakov, The string dilation and a least coupling principle, Nucl.
Phys. B 423 (July, 1994) 532–558, [hep-th/9401069].
[69] T. Damour and A. M. Polyakov, String theory and gravity, General Relativity and Gravitation
26 (Dec., 1994) 1171–1176, [gr-qc/9411069].
[70] T. Damour and J. F. Donoghue, FAST TRACK COMMUNICATION: Phenomenology of the
equivalence principle with light scalars, Classical and Quantum Gravity 27 (Oct., 2010)
202001, [arXiv:1007.2790].
[71] T. Damour and J. F. Donoghue, Equivalence principle violations and couplings of a light
dilaton, Phys. Rev. D 82 (Oct., 2010) 084033, [arXiv:1007.2792].
[72] O. Minazzoli and A. Hees, On dilatons with intrinsic decouplings, ArXiv e-prints (Dec., 2015)
[arXiv:1512.05232].
[73] T. Treu, Strong Lensing by Galaxies, ARA&A 48 (Sept., 2010) 87–125, [arXiv:1003.5567].
[74] P. Marshall, R. Blandford, and M. Sako, The SNAP strong lens survey [review article], New A
Rev. 49 (Nov., 2005) 387–391, [astro-ph/0501328].
[75] A. S. Bolton, S. Burles, L. V. E. Koopmans, T. Treu, R. Gavazzi, L. A. Moustakas, R. Wayth,
and D. J. Schlegel, The Sloan Lens ACS Survey. V. The Full ACS Strong-Lens Sample, The
Astrophysical Journal 682 (Aug., 2008) 964–984, [arXiv:0805.1931].
[76] A. S. Bolton, S. Rappaport, and S. Burles, Constraint on the post-Newtonian parameter γ on
galactic size scales, Phys. Rev. D 74 (Sept., 2006) 061501, [astro-ph/0607657].
[77] J. Schwab, A. S. Bolton, and S. A. Rappaport, Galaxy-Scale Strong-Lensing Tests of Gravity
and Geometric Cosmology: Constraints and Systematic Limitations, Astrophyscis Journal
708 (Jan., 2010) 750–757, [arXiv:0907.4992].
[78] J. Enander and E. Mo¨rtsell, Strong lensing constraints on bimetric massive gravity, Journal of
High Energy Physics 10 (Oct., 2013) 31, [arXiv:1306.1086].
– 35 –
[79] T. Damour and G. Esposito-Farese, Nonperturbative strong-field effects in tensor-scalar
theories of gravitation, Phys. Rev. Lett. 70 (Apr, 1993) 2220–2223.
[80] L. V. E. Koopmans, T. Treu, A. S. Bolton, S. Burles, and L. A. Moustakas, The Sloan Lens
ACS Survey. III. The Structure and Formation of Early-Type Galaxies and Their Evolution
since z ∼ 1, ApJ 649 (Oct., 2006) 599–615, [astro-ph/0601628].
[81] P. Schneider, J. Ehlers, and E. E. Falco, Gravitational Lenses. Springer-Verlag Berlin
Heidelberg, 1992.
[82] J. Binney and S. Tremaine, Galactic Dynamics: Second Edition. Princeton University Press,
2008.
[83] J. Binney, The radius-dependence of velocity dispersion in elliptical galaxies, MNRAS 190
(Mar., 1980) 873–880.
[84] A. S. Bolton, S. Burles, L. V. E. Koopmans, T. Treu, and L. A. Moustakas, The Sloan Lens
ACS Survey. I. A Large Spectroscopically Selected Sample of Massive Early-Type Lens
Galaxies, ApJ 638 (Feb., 2006) 703–724, [astro-ph/0511453].
[85] S. T. Myers, N. J. Jackson, I. W. A. Browne, A. G. de Bruyn, T. J. Pearson, A. C. S.
Readhead, P. N. Wilkinson, A. D. Biggs, R. D. Blandford, C. D. Fassnacht, L. V. E.
Koopmans, D. R. Marlow, J. P. McKean, M. A. Norbury, P. M. Phillips, D. Rusin, M. C.
Shepherd, and C. M. Sykes, The Cosmic Lens All-Sky Survey - I. Source selection and
observations, MNRAS 341 (May, 2003) 1–12, [astro-ph/0211073].
[86] N. Inada, M. Oguri, R. H. Becker, M.-S. Shin, G. T. Richards, J. F. Hennawi, R. L. White,
B. Pindor, M. A. Strauss, C. S. Kochanek, D. E. Johnston, M. D. Gregg, I. Kayo,
D. Eisenstein, P. B. Hall, F. J. Castander, A. Clocchiatti, S. F. Anderson, D. P. Schneider,
D. G. York, R. Lupton, K. Chiu, Y. Kawano, R. Scranton, J. A. Frieman, C. R. Keeton,
T. Morokuma, H.-W. Rix, E. L. Turner, S. Burles, R. J. Brunner, E. S. Sheldon, N. A.
Bahcall, and F. Masataka, The Sloan Digital Sky Survey Quasar Lens Search. II. Statistical
Lens Sample from the Third Data Release, AJ 135 (Feb., 2008) 496–511, [arXiv:0708.0828].
[87] R. Gavazzi, T. Treu, J. D. Rhodes, L. V. E. Koopmans, A. S. Bolton, S. Burles, R. J. Massey,
and L. A. Moustakas, The Sloan Lens ACS Survey. IV. The Mass Density Profile of
Early-Type Galaxies out to 100 Effective Radii, The Astrophysical Journal 667 (Sept., 2007)
176–190, [astro-ph/0701589].
[88] C. Faure, J.-P. Kneib, G. Covone, L. Tasca, A. Leauthaud, P. Capak, K. Jahnke, V. Smolcic,
S. de la Torre, R. Ellis, A. Finoguenov, A. Koekemoer, O. Le Fevre, R. Massey, Y. Mellier,
A. Refregier, J. Rhodes, N. Scoville, E. Schinnerer, J. Taylor, L. Van Waerbeke, and
J. Walcher, First Catalog of Strong Lens Candidates in the COSMOS Field, ApJS 176 (May,
2008) 19–38, [arXiv:0802.2174].
[89] J. Annis, S. Bridle, F. J. Castander, A. E. Evrard, P. Fosalba, J. A. Frieman, E. Gaztanaga,
B. Jain, A. V. Kravtsov, O. Lahav, H. Lin, J. Mohr, A. Stebbins, T. P. Walker, R. H.
Wechsler, D. H. Weinberg, and J. Weller, Constraining Dark Energy with the Dark Energy
Survey: Theoretical Challenges, ArXiv Astrophysics e-prints (Oct., 2005) [astro-ph/0510195].
[90] L. Amendola, S. Appleby, D. Bacon, T. Baker, M. Baldi, N. Bartolo, A. Blanchard,
C. Bonvin, S. Borgani, E. Branchini, C. Burrage, S. Camera, C. Carbone, L. Casarini,
M. Cropper, C. de Rham, C. Di Porto, A. Ealet, P. G. Ferreira, F. Finelli, J. Garc´ıa-Bellido,
T. Giannantonio, L. Guzzo, A. Heavens, L. Heisenberg, C. Heymans, H. Hoekstra,
L. Hollenstein, R. Holmes, O. Horst, K. Jahnke, T. D. Kitching, T. Koivisto, M. Kunz, G. La
Vacca, M. March, E. Majerotto, K. Markovic, D. Marsh, F. Marulli, R. Massey, Y. Mellier,
D. F. Mota, N. Nunes, W. Percival, V. Pettorino, C. Porciani, C. Quercellini, J. Read,
M. Rinaldi, D. Sapone, R. Scaramella, C. Skordis, F. Simpson, A. Taylor, S. Thomas,
R. Trotta, L. Verde, F. Vernizzi, A. Vollmer, Y. Wang, J. Weller, and T. Zlosnik, Cosmology
– 36 –
and Fundamental Physics with the Euclid Satellite, Living Reviews in Relativity 16 (Sept.,
2013) 6, [arXiv:1206.1225].
[91] T. E. Collett, The Population of Galaxy-Galaxy Strong Lenses in Forthcoming Optical
Imaging Surveys, ApJ 811 (Sept., 2015) 20, [arXiv:1507.02657].
[92] J. McKean, N. Jackson, S. Vegetti, M. Rybak, S. Serjeant, L. V. E. Koopmans, R. B. Metcalf,
C. Fassnacht, P. J. Marshall, and M. Pandey-Pommier, Strong Gravitational Lensing with the
SKA, Advancing Astrophysics with the Square Kilometre Array (AASKA14) (2015) 84,
[arXiv:1502.03362].
[93] Planck Collaboration, P. A. R. Ade, N. Aghanim, M. Arnaud, M. Ashdown, J. Aumont,
C. Baccigalupi, A. J. Banday, R. B. Barreiro, J. G. Bartlett, and et al., Planck 2015 results.
XIII. Cosmological parameters, ArXiv e-prints (Feb., 2015) [arXiv:1502.01589].
[94] A. Gelman, J. Carlin, H. Stern, D. Dunson, A. Vehtari, and D. Rubin, Bayesian Data
Analysis, Third Edition. Chapman & Hall/CRC Texts in Statistical Science. Taylor &
Francis, 2013.
[95] S. Klugman, H. Panjer, and G. Willmot, Loss Models: From Data to Decisions. Wiley Series
in Probability and Statistics. Wiley, 2012.
[96] H. Haario, M. Laine, A. Mira, and E. Saksman, Dram: Efficient adaptive mcmc, Statistics
and Computing 16 (2006), no. 4 339–354.
[97] O. Gerhard, A. Kronawitter, R. P. Saglia, and R. Bender, Dynamical Family Properties and
Dark Halo Scaling Relations of Giant Elliptical Galaxies, AJ 121 (Apr., 2001) 1936–1951,
[astro-ph/0012381].
[98] P. Gregory, Bayesian Logical Data Analysis for the Physical Sciences. Cambridge University
Press, New-York, May, 2010.
[99] J. Alsing, E. Berti, C. M. Will, and H. Zaglauer, Gravitational radiation from compact binary
systems in the massive Brans-Dicke theory of gravity, Phys. Rev. D 85 (Mar., 2012) 064041,
[arXiv:1112.4903].
[100] C. Grillo, M. Lombardi, and G. Bertin, Cosmological parameters from strong gravitational
lensing and stellar dynamics in elliptical galaxies, Astronomy and Astrophysics 477 (Jan.,
2008) 397–406, [arXiv:0711.0882].
[101] S. Cao, G. Covone, and Z.-H. Zhu, Testing the Dark Energy with Gravitational Lensing
Statistics, ApJ 755 (Aug., 2012) 31, [arXiv:1206.4948].
[102] R. Maartens, F. B. Abdalla, M. Jarvis, M. G. Santos, and f. t. SKA Cosmology SWG,
Cosmology with the SKA – overview, ArXiv e-prints (Jan., 2015) [arXiv:1501.04076].
[103] G. Zhao, D. Bacon, R. Maartens, M. Santos, and A. Raccanelli, Model-independent
constraints on dark energy and modified gravity with the SKA, Advancing Astrophysics with
the Square Kilometre Array (AASKA14) (2015) 165, [arXiv:1501.03840].
[104] A. Raccanelli, P. Bull, S. Camera, C. Blake, P. Ferreira, R. Maartens, M. Santos, P. Bull,
D. Bacon, O. Dore´, P. Ferreira, M. G. Santos, M. Viel, and G. B. Zhao, Measuring
redshift-space distortion with future SKA surveys, Advancing Astrophysics with the Square
Kilometre Array (AASKA14) (2015) 31, [arXiv:1501.03821].
[105] P. Peter and J. Uzan, Primordial Cosmolgy. Oxford University Press, New York, 2009.
[106] R. Narayan and M. Bartelmann, Lectures on Gravitational Lensing, ArXiv Astrophysics
e-prints (June, 1996) [astro-ph/9606001].
– 37 –
